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1A. Prove that (¬P ∨Q) ⇔ (P ⇒ Q) is a tautology.

1B. Prove that ¬(P ∨Q) ⇔ (¬P ∧ ¬Q) is a tautology.

2A. Is the following Hilbert system complete with regards to F{⊥,¬,∨,⇒}?

No, because no rule can handle the ∨ symbol.
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2B. Is the following Hilbert system complete with regards to F{⊥,∧,∨,⇒}?

No, because no rule can handle the ⊥ symbol.

3A. Prove that {Q∧P,R} ⊢N P ∧ (R∧Q). This can be done using a proof

of depth 4.

3B. Prove that {P ∨Q} ⊢N P ∨ (Q∨R). This can be done using a proof of

depth 4.

4A. Prove that {¬P ⇒ Q} ⊢N P ∨Q by filling the blanks of the following

tree:

¬P ⇒ Q

1

P
[∨l

I ]P ∨Q
2

¬(P ∨Q)
[¬E ]

⊥
[¬I ]

1

¬P
[⇒E ]

Q
[∨r

I ]P ∨Q
2

¬(P ∨Q)
[¬E ]

⊥
[¬I ]

2

¬¬(P ∨Q)
[¬¬]

P ∨Q

4B. Prove that ⊢N ((P ⇒ Q) ⇒ P ) ⇒ P by filling the blanks of the

following tree:
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3

(P ⇒ Q) ⇒ P

1

P
2

¬P [¬E ]
⊥ [⊥E ]
Q

[⇒I ]
1

P ⇒ Q
[⇒E ]

P
2

¬P [¬E ]
⊥

[¬I ]
2

¬¬P [¬¬]
P

[⇒I ]
3

((P ⇒ Q) ⇒ P ) ⇒ P

5A. Define a term Square ∈ Λ such that for any natural integer n:

Square n →∗
β n2

Then guess its type.

Square = λu ·Mult uu is of type ((σ → σ) → (σ → σ)) → ((σ → σ) → (σ →
σ)).

5B. Define a term Double ∈ Λ such that for any natural integer n:

Double n →∗
β 2× n

Then guess its type.

Double = λu ·Plus uu is of type ((σ → σ) → (σ → σ)) → ((σ → σ) → (σ →
σ)).

6. Prove that Θ = (λxy · y(xxy))(λuv · v(uuv)) is a fixed-point combinator.

ΘA = θθA

= ((λxy · y(xxy)θ)A

→β (λy · y(θθy))A

→β A(θθA)

= AΘA

Thus ΘA ↔∗
β A(ΘA).

7. Prove that ⊢ KI : τ → σ → σ.

K is of primary type σ → τ → σ, thus also of type (σ → σ) → τ → (σ → σ).
I is of type σ → σ. KI is therefore of type τ → σ → σ by the application rule.

8A. Prove that ⊢NI (P ∧Q) ⇒ (Q ∧ P ).

Then find a term in Λext of type σ × τ → τ × σ.
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1

P ∧Q
[∧r

E ]Q

1

P ∧Q
[∧l

E ]P
[∧I ]

Q ∧ P
[⇒I ]

1

(P ∧Q) ⇒ (Q ∧ P )

1

x : σ × τ

Π2(x) : τ

1

x : σ × τ

Π1(x) : σ

〈Π2(x),Π1(x)〉 : τ × σ
1

λx · 〈Π2(x),Π1(x)〉 : σ × τ → τ × σ

8B. Prove that ⊢NI (P ∨Q) ⇒ (Q ∨ P ).

Then find a term in Λext of type σ ∪ τ → τ ∪ σ.

1

P ∨Q

2

P [∨r
I ]Q ∨ P

2

Q
[∨l

I ]Q ∨ P
[∨E ]

2

Q ∨ P
[⇒I ]

1

(P ∨Q) ⇒ (Q ∨ P )

1

x : σ ∪ τ

2

y : σ

K2(y) : τ ∪ σ

2

z : τ
K1(z) : τ ∪ σ

2

⊕(K2(y),K1(z), x) : τ ∪ σ
1

λx · ⊕(K2(y),K1(z), x) : (σ ∪ τ) → (τ ∪ σ)
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