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❊①❡r❝✐s❡ ✶ ✭✻ ♣♦✐♥ts✮

✶✳ ❋✐♥❞ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s❡r✐❡s ✇❤♦s❡ ❣❡♥❡r❛❧ t❡r♠ ✐s✿ un =
sin

(

1
n

)

n2
✳ ❏✉st✐❢② ❝❛r❡❢✉❧❧②✳

sin
(

1
n

)

∼ 1
n =⇒ un ∼ 1

n3
✳

❙✐♥❝❡
1

n3
⩾ 0✱

∑

un ❤❛s t❤❡ ♥❛t✉r❡ ♦❢
∑ 1

n3
✇❤✐❝❤ ❝♦♥✈❡r❣❡s✳ ❍❡♥❝❡✱

∑

un ❝♦♥✈❡r❣❡s✳

✷✳ ❋✐♥❞ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s❡r✐❡s ✇❤♦s❡ ❣❡♥❡r❛❧ t❡r♠ ✐s✿ un =
n2e−

√
n

22n
✳ ❏✉st✐❢② ❝❛r❡❢✉❧❧②✳

❚❤❡ s❡q✉❡♥❝❡ (un) ✐s ♣♦s✐t✐✈❡✳ ❋✉rt❤❡r♠♦r❡✱ n2un =
n4

e
√
n+n ln(4)

−−−−−→
n→+∞

0✱ t❤❛t ✐s✱ un = o

(

1

n2

)

✳

❙✐♥❝❡
∑ 1

n2
❝♦♥✈❡r❣❡s✱

∑

un ❝♦♥✈❡r❣❡s✳

❘❡♠❛r❦✿ ②♦✉ ❝❛♥ ❛❧s♦ ✉s❡ t❤❡ r❛t✐♦ ♦r t❤❡ r♦♦t t❡st✳ ❨♦✉ ✇✐❧❧ ❣❡t lim
n→+∞

un+1

un
= lim

n→+∞
n
√
un =

1

4
✳

✸✳ ❋✐♥❞ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s❡r✐❡s ✇❤♦s❡ ❣❡♥❡r❛❧ t❡r♠ ✐s✿ un = (−1)n
n

en
✳ ❏✉st✐❢② ❝❛r❡❢✉❧❧②✳

n2|un| =
n3

en
−−−−−→
n→+∞

0✱ t❤❛t ✐s✱ |un| = o

(

1

n2

)

✳

❙✐♥❝❡
∑ 1

n2
❝♦♥✈❡r❣❡s✱

∑ |un| ❝♦♥✈❡r❣❡s✳ ❋✐♥❛❧❧②✱
∑

un ❝♦♥✈❡r❣❡s ❛❜s♦❧✉t❡❧②✱ s♦ ✐t ❝♦♥✈❡r❣❡s✳

❘❡♠❛r❦✿ ②♦✉ ❝❛♥ ❛❧s♦ ✉s❡ t❤❡ ▲❡✐❜♥✐③✬s r✉❧❡✳ ❚❤❡ s❡q✉❡♥❝❡ (|un|) ❞❡❝r❡❛s❡s ❛❜♦✈❡ t❤❡ r❛♥❦ n = 1✳

❊①❡r❝✐s❡ ✷ ✭✻ ♣♦✐♥ts✮

▲❡t a ∈ R s✉❝❤ t❤❛t a > 0 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ (un) ❞❡✜♥❡❞ ❢♦r ❛❧❧ n ⩾ 2 ❜②✿ un =
(−1)n

√

na + (−1)n
✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❡①❡r❝✐s❡ ✐s t♦ st✉❞② t❤❡ ♥❛t✉r❡ ♦❢
∑

un✳

✶✳ ❋✐♥❞ c ∈ R s✉❝❤ t❤❛t un =
(−1)n

na/2
+

c

n3a/2
+ o

(

1

n3a/2

)

✳

un =
(−1)n√

na
× 1

√

1 + (−1)n

na

=
(−1)n

na/2
×
(

1 +
(−1)n

na

)−1/2

=
(−1)n

na/2
×
(

1− (−1)n

2na
+ o

(

1

na

))

=
(−1)n

na/2
− 1

2n3a/2
+ o

(

1

n3a/2

)

❍❡♥❝❡✱ c = −1

2
✳

✷✳ ❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s q✉❡st✐♦♥✱ ❞✐s❝✉ss t❤❡ ♥❛t✉r❡ ♦❢
∑

un ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ a✳

▲❡t vn =
(−1)n

na/2
❛♥❞ wn = − 1

2n3a/2
+ o

(

1

n3a/2

)

❚❤❡ s❡r✐❡s
∑

un ✐s t❤❡ s✉♠ ♦❢ t❤❡ t✇♦ s❡r✐❡s
∑

vn ❛♥❞
∑

wn✳

• ∑

vn ❝♦♥✈❡r❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡✐❜♥✐③✬s r✉❧❡✳ ■♥❞❡❡❞✱ (vn) ✐s ❛❧t❡r♥❛t✐♥❣✱
(

|vn|
)

=

(

1

na/2

)

✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞

❝♦♥✈❡r❣❡s t♦ 0✳

✶
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• wn ∼ − 1

2n3a/2
< 0✳ ❙✐♥❝❡ − 1

2n3a/2
❤❛s ❛ ❝♦♥st❛♥t s✐❣♥✱

∑

wn ❤❛s t❤❡ s❛♠❡ ♥❛t✉r❡ ❛s
∑− 1

2n3a/2
✳ ❚❤❡ ❧❛tt❡r s❡r✐❡s

✐s ❛ ❘✐❡♠❛♥♥ s❡r✐❡s✱ ✐t ❝♦♥✈❡r❣❡s ✐✛ a > 2
3 ✳

• ❆s ❛ ❝♦♥❝❧✉s✐♦♥✿

■❢ a > 2
3 ✱

∑

un ✐s t❤❡ s✉♠ ♦❢ t✇♦ ❝♦♥✈❡r❣❡♥t s❡r✐❡s✱ ✐t ❤❡♥❝❡ ❝♦♥✈❡r❣❡s✳

■❢ a ⩽
2
3 ✱

∑

un ✐s t❤❡ s✉♠ ♦❢ ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ❛♥❞ ❛ ❞✐✈❡r❣❡♥t s❡r✐❡s✳ ■t ❤❡♥❝❡ ❞✐✈❡r❣❡s✳

❊①❡r❝✐s❡ ✸ ✭✽ ♣♦✐♥ts✮

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❡①❡r❝✐s❡ ✐s t♦ st✉❞② t❤❡ s❡q✉❡♥❝❡ (un) ❞❡✜♥❡❞ ❢♦r ❛❧❧ n ∈ N∗ ❜②✿ un =
2nn!

1× 3× 5× · · · × (2n− 1)
✳

■♥ t❤❛t ♣✉r♣♦s❡✱ ❝♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② s❡q✉❡♥❝❡ (vn) ❞❡✜♥❡❞ ❜②✿ vn = ln(un)−
1

2
ln(n)✳

✶✳ ▲❡t n ∈ N∗✳ ❈♦♠♣✉t❡
un+1

un
✳

un+1

un
=

2(n+ 1)

2(n+ 1)− 1
=

2n+ 2

2n+ 1
=

1 + 1
n

1 + 1
2n

✷✳ ❉❡❞✉❝❡ t❤❛t vn+1 − vn =
1

2
ln

(

1 +
1

n

)

− ln

(

1 +
1

2n

)

✳

vn+1 − vn = ln(un+1)−
1

2
ln(n+ 1)− ln(un) +

1

2
ln(n)

= ln

(

un+1

un

)

− 1

2
ln

(

n+ 1

n

)

= ln

(

1 + 1
n

1 + 1
2n

)

− 1

2
ln
(

1 + 1
n

)

= ln
(

1 + 1
n

)

− ln
(

1 + 1
2n

)

− 1

2
ln

(

1 + 1
n

)

=
1

2
ln
(

1 + 1
n

)

− ln
(

1 + 1
2n

)

✸✳ ❋✐♥❞ a ∈ R s✉❝❤ t❤❛t vn+1 − vn ∼ a

n2
✳

vn+1 − vn =
1

2
ln
(

1 + 1
n

)

− ln
(

1 + 1
2n

)

=
1

2

(

1

n
− 1

2n2
+ o

(

1

n2

))

−
(

1

2n
− 1

8n2
+ o

(

1

n2

))

=
1

2n
− 1

4n2
− 1

2n
+

1

8n2
+ o

(

1

n2

)

= − 1

8n2
+ o

(

1

n2

)

∼ − 1

8n2

❚❤✉s✱ a = − 1
8 ✳

✹✳ ❙❤♦✇ t❤❛t (vn) ❝♦♥✈❡r❣❡s✳ ▲❡t ℓ ❞❡♥♦t❡ ✐ts ❧✐♠✐t✳

vn+1−vn ∼ − 1

8n2
< 0✳ ❙✐♥❝❡ − 1

8n2
❤❛s ❛ ❝♦♥st❛♥t s✐❣♥✱

∑

(vn+1−vn) ❤❛s t❤❡ s❛♠❡ ♥❛t✉r❡ ❛s
∑− 1

8n2
✳ ❆♥❞ t❤❡ ❧❛tt❡r

s❡r✐❡s ❝♦♥✈❡r❣❡s✳

❚❤✉s✱
∑

(vn+1 − vn) ❝♦♥✈❡r❣❡s ❛♥❞✱ ✉s✐♥❣ t❡❧❡s❝♦♣✐❝ t❤❡♦r❡♠✱ (vn) ❝♦♥✈❡r❣❡s t♦♦✳

✷
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✺✳ ❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s q✉❡st✐♦♥✱ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts k ∈ R s✉❝❤ t❤❛t un ∼ k
√
n✳ ❊①♣r❡ss k ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ℓ✳

❚♦ st❛rt ✇✐t❤✱ ♥♦t❡ t❤❛t vn = ln(un)−
1

2
ln(n) =⇒ ln(un) = vn +

1

2
ln(n) =⇒ un = evn

√
n✳

❲❡ ❤❡♥❝❡ ❣❡t
un

eℓ
√
n
=

evn

eℓ
= evn−ℓ −−−−−→

n→+∞
e0 = 1

❋✐♥❛❧❧②✱ vn ∼ eℓ
√
n ❛♥❞ k = eℓ✳

❊①❡r❝✐s❡ ✹✿ ▲❡✐❜♥✐③✬s r✉❧❡ ✭✺ ♣♦✐♥ts✮

▲❡t (un) ❜❡ ❛ ♥✉♠❡r✐❝❛❧ s❡q✉❡♥❝❡ ✇✐t❤ ❛♥ ❛❧t❡r♥❛t✐♥❣ s✐❣♥✳

✶✳ ❲r✐t❡ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ▲❡✐❜♥✐③✬s t❤❡♦r❡♠ ❛❜♦✉t
∑

un✳

■❢ t❤❡ s❡q✉❡♥❝❡
(

|un|
)

✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣✐♥❣ t♦ 0 t❤❡♥✿

• ❚❤❡ s❡r✐❡s
∑

un ❝♦♥✈❡r❣❡s✳

• ❚❤❡ s❡q✉❡♥❝❡ (Rn) ♦❢ t❤❡ s❡r✐❡s✬ r❡♠❛✐♥❞❡rs s❛t✐s✜❡s t♦✿ ∀n ∈ N, |Rn| ⩽ |un+1|

✷✳ Pr♦✈❡ t❤✐s t❤❡♦r❡♠✳

◆✳❇✳✿ ♣r♦✈❡ ♦♥❧② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡r✐❡s
∑

un✳ ■t ✐s ♥♦t r❡q✉✐r❡❞ t♦ ♣r♦✈❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ r❡♠❛✐♥❞❡rs✳

❚❤❡ s❡q✉❡♥❝❡ (un) ✐s ❛❧t❡r♥❛t✐♥❣✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ s❡q✉❡♥❝❡ (an) s✉❝❤ t❤❛t

(un) =
(

(−1)nan

)

♦r (un) =
(

− (−1)nan

)

❋♦r t❤❡ ♣r♦♦❢✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ❝❛s❡ (un) =
(

(−1)nan

)

✳ ■❢ ♥♦t✱ ❥✉st r❡♣❧❛❝❡ (un) ✇✐t❤ (−un)✳ ❚❤❡

♣♦s✐t✐✈❡ s❡q✉❡♥❝❡ (an) ✐s ✐♥ ❢❛❝t t❤❡ s❡q✉❡♥❝❡ (|un|)✿ t❤❡ t❤❡♦r❡♠✬s ❤②♣♦t❤❡s❡s st❛t❡ t❤❛t ✐t ❞❡❝r❡❛s❡s ❛♥❞ ❝♦♥✈❡r❣❡s t♦

0✳

▲❡t (Sn) ❜❡ t❤❡ ♣❛rt✐❛❧ s✉♠s ♦❢
∑

un✿ ❢♦r ❛❧❧ n ∈ N✱

Sn = a0 − a1 + a2 − a3 + · · ·+ (−1)nan

❚♦ st❛rt ✇✐t❤✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡s (S2n) ❛♥❞ (S2n+1) ❛r❡ ❛❞❥❛❝❡♥t✳

✭❛✮ ▼♦♥♦t♦♥② ♦❢ (S2n)✿ t❤✐s s✉❜s❡q✉❡♥❝❡ ❝♦♥t❛✐♥s t❤❡ t❡r♠s ♦❢ ❡✈❡♥ r❛♥❦s✳ ❚❤❡ t❡r♠ ❢♦❧❧♦✇✐♥❣ S2n ✐s ❤❡♥❝❡ S2(n+1) =

S2n+2✳ ❚❤✉s✱ ❢♦r ❛❧❧ n ∈ N✿










S2n = a0 − a1 + a2 − a3 + · · ·+ a2n
S2(n+1) = a0 − a1 + a2 − a3 + · · ·+ a2n − a2n+1 + a2n+2

S2(n+1) − S2n = −a2n+1 + a2n+2

❙✐♥❝❡ (an) ✐s ❞❡❝r❡❛s✐♥❣✱ −a2n+1 + a2n+2 ✐s ♥❡❣❛t✐✈❡✳ ❚❤❡ s❡q✉❡♥❝❡ (S2n) ✐s ❤❡♥❝❡ ❞❡❝r❡❛s✐♥❣✳

✭❜✮ ▼♦♥♦t♦♥② ♦❢ (S2n+1)✿ t❤✐s s✉❜s❡q✉❡♥❝❡ ❝♦♥t❛✐♥s t❤❡ t❡r♠s ♦❢ ♦❞❞ r❛♥❦s✳ ❚❤❡ t❡r♠ ❢♦❧❧♦✇✐♥❣ S2n+1 ✐s ❤❡♥❝❡

S2(n+1)+1 = S2n+3✳ ❚❤✉s✱ ❢♦r ❛❧❧ n ∈ N✿











S2n+1 = a0 − a1 + a2 − a3 + · · ·+ a2n − a2n+1

S2(n+1)+1 = a0 − a1 + a2 − a3 + · · ·+ a2n − a2n+1 + a2n+2 − a2n+3

S2(n+1)+1 − S2n+1 = a2n+2 − a2n+3

❙✐♥❝❡ (an) ✐s ❞❡❝r❡❛s✐♥❣✱ a2n+2 − a2n+3 ✐s ♣♦s✐t✐✈❡✳ ❚❤❡ s❡q✉❡♥❝❡ (S2n+1) ✐s ❤❡♥❝❡ ✐♥❝r❡❛s✐♥❣✳

✭❝✮ ❙t✉❞② ♦❢ S2n+1 − S2n✿ ❢♦r ❛❧❧ n ∈ N✱











S2n = a0 − a1 + a2 − a3 + · · ·+ a2n
S2n+1 = a0 − a1 + a2 − a3 + · · ·+ a2n − a2n+1

S2n+1 − S2n = −a2n+1

❙✐♥❝❡ (an) ❝♦♥✈❡r❣❡s t♦ 0✱ (S2n+1 − S2n) ❝♦♥✈❡r❣❡s t♦ 0 t♦♦✳

✸



▼❛t❤❡♠❛t✐❝s
▼✐❞t❡r♠ ❡①❛♠ ❙✸ ✕ ❈♦rr❡❝t✐♦♥

❙✸ ✷✵✷✷

❊♣✐t❛

❲❡ ❤❡♥❝❡ ♣r♦✈❡❞ t❤❛t t❤❡ s❡q✉❡♥❝❡s (S2n) ❛♥❞ (S2n+1) ❛r❡ ❛❞❥❛❝❡♥t✳ ❋r♦♠ t❤✐s✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡② ❜♦t❤ ❝♦♥✈❡r❣❡ ❛♥❞

❛❞♠✐t ❛♥ ✐❞❡♥t✐❝❛❧ ❧✐♠✐t ℓ✳ ❚❤❡♥ ✇❡ ❣❡t✿

S2n −−−−−→
n→+∞

ℓ

S2n+1 −−−−−→
n→+∞

ℓ







=⇒ Sn −−−−−→
n→+∞

ℓ

❚❤✐s ♣r♦✈❡s t❤❛t (Sn) ❝♦♥✈❡r❣❡s✱ t❤❛t ✐s✱
∑

un ❝♦♥✈❡r❣❡s✳

❊①❡r❝✐s❡ ✺✿ ♣r♦❜❛❜✐❧✐t✐❡s ✭✺ ♣♦✐♥ts✮

▲❡t X1✱ X2 ❛♥❞ X3 ❜❡ t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ t❛❦✐♥❣ t❤❡✐r ✈❛❧✉❡s ✐♥ {1, 3}✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ J1, 3K✱

P (Xi=1) =
1

3
❛♥❞ P (Xi=3) =

2

3

✶✳ ❲❤❛t ❛r❡ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s GXi
♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s❄

GX1
(t) = GX2

(t) = GX3
(t) =

t+ 2t3

3

✷✳ ❈♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y = X1 +X2 +X3✳ ❈♦♠♣✉t❡ ✐ts ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ GY ❛♥❞ ❞❡❞✉❝❡ ✐ts ❞✐str✐❜✉t✐♦♥✳

❙✐♥❝❡ t❤❡ Xi ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ GY (t) = GX1
(t)×GX2

(t)×GX3
(t) =

(t+ 2t3)3

33
=

t3(1 + 2t2)3

27

❚❤✉s✱ GY (t) =
t3(1 + 6t2 + 12t4 + 8t6)

27
=

t3 + 6t5 + 12t7 + 8t9

27
✳

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✐s ❣✐✈❡♥ ❜②✿

Y (Ω) = {3, 5, 7, 9} ✇✐t❤ P (Y=3) =
1

27
, P (Y=5) =

6

27
=

2

9
, P (Y=7) =

12

27
=

4

9
❛♥❞ P (Y=9) =

8

27

✸✳ ❈♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ Y ✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ E(Y ) = E(X1) + E(X2) + E(X3)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ t❤❡ Xi ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ Var(Y ) =

Var(X1) + Var(X2) + Var(X3)✳

• GXi
(t) =

t+ 2t3

3
=⇒ G′

Xi
(t) =

1 + 6t2

3
=⇒ E(Xi) = G′

Xi
(1) =

7

3
✳

❍❡♥❝❡✱ E(Y ) = E(X1) + E(X2) + E(X3) = 7✳

• G′′
Xi

(t) =
12t

3
= 4t =⇒ Var(Xi) = G′′

Xi
(1) + E(Xi)− E2(Xi) = 4 +

7

3
− 49

9
=

8

9
✳

❍❡♥❝❡✱ Var(Y ) = Var(X1) + Var(X2) + Var(X3) =
8

3
✳

❊①❡r❝✐s❡ ✻✿ ♣♦✇❡r s❡r✐❡s ✭✶✵ ♣♦✐♥ts✮

❖✉r ♣✉r♣♦s❡ ✐s t♦ ✜♥❞ ❛ ❢✉♥❝t✐♦♥ f s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s (C) :

{

f ′′ + xf ′ + f = 0

f(0) = 1 ❛♥❞ f ′(0) = 0

■♥ t❤❛t ♣✉r♣♦s❡✱ ❛ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ ♣♦✇❡r s❡r✐❡s
∑

anx
n✱ ❛❞♠✐tt✐♥❣ ❛ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ R > 0✱ s✉❝❤ t❤❛t✿

f(x) =

+∞
∑

n=0

anx
n ❛♥❞ f s♦❧✉t✐♦♥ ♦❢ (C) ♦♥ ]−R,R[

◆♦t❡✿ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ f ′′ + xf ′ + f = 1 ✐s ❛♥ ♦r❞❡r ✷ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✇✐t❤ ♥♦♥✲❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts✳ ❚❤✉s✱ ❞♦♥✬t tr②

t♦ ✉s❡ t❤❡ ♠❡t❤♦❞s t❤❛t ②♦✉ ❤❛✈❡ st✉❞✐❡❞ ❛t t❤❡ ❙✷ ❛❜♦✉t ♦r❞❡r ✷ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿ t❤❡ ❧❛tt❡r ♠❡t❤♦❞s ♦♥❧② ✇♦r❦

❢♦r ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ❡q✉❛t✐♦♥s✳

✹



▼❛t❤❡♠❛t✐❝s
▼✐❞t❡r♠ ❡①❛♠ ❙✸ ✕ ❈♦rr❡❝t✐♦♥

❙✸ ✷✵✷✷

❊♣✐t❛

✶✳ ❊①♣r❡ss f(0) ❛♥❞ f ′(0) ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s❡q✉❡♥❝❡ (an)✳ ❲❤❛t ❝❛♥ ②♦✉ ❞❡❞✉❝❡ ❛❜♦✉t t❤❡ ✈❛❧✉❡s ♦❢ a0 ❛♥❞ a1❄

f(x) =

+∞
∑

n=0

anx
n = a0 + a1x+ a2x

2 + · · · =⇒ f(0) = a0

f ′(x) =

+∞
∑

n=0

nanx
n−1 = a1 + 2a2x+ 3a3x

2 + · · · =⇒ f ′(0) = a1

❯s✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s f(0) = 1 ❛♥❞ f ′(0) = 0✱ ✇❡ ❣❡t✿ a0 = 1 ❛♥❞ a1 = 0✳

✷✳ ❉❡✜♥❡✱ ❛s ❢✉♥❝t✐♦♥s ♦❢ (an)✱ t✇♦ s❡q✉❡♥❝❡s (bn) ❛♥❞ (cn) s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ ]−R,R[✱

xf ′(x) =

+∞
∑

n=0

bnx
n ❛♥❞ f ′′(x) =

+∞
∑

n=0

cnx
n

f ′(x) =
+∞
∑

n=0

nanx
n−1 =⇒ xf ′(x) =

+∞
∑

n=0

nanx
n✳ ❚❤✉s✱ (bn) = (nan)✳

f ′′(x) =

+∞
∑

n=0

n(n− 1)anx
n−2 = (2× 1)a2 + (3× 2)a3x+ (4× 3)x2 + · · · =

+∞
∑

n=0

(n+ 2)(n+ 1)an+2x
n✳

❚❤✉s✱ (cn) =
(

(n+ 2)(n+ 1)an+2

)

✳

✸✳ ❇② ✐♥❥❡❝t✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s ♦❢ xf ′(x) ❛♥❞ f ′′(x) ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ f ′′(x) + xf ′(x) + f(x) = 0✱ ✇r✐t❡ t❤✐s ❡q✉❛t✐♦♥ ❛s✿

∀x ∈ ]−R,R[,

+∞
∑

n=0

dnx
n = 0

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts (dn) ❞❡♣❡♥❞ ♦♥ t❤❡ s❡q✉❡♥❝❡ (an)✳

∀x ∈ ]−R,R[, f ′′(x) + xf ′(x) + f(x) = 0 =⇒ ∀x ∈ ]−R,R[,
+∞
∑

n=0

cnx
n +

+∞
∑

n=0

bnx
n +

+∞
∑

n=0

anx
n = 0

=⇒ ∀x ∈ ]−R,R[,

+∞
∑

n=0

(cn + bn + an)x
n = 0

❚❤✉s✱ ❢♦r ❛❧❧ n ∈ N✱ dn = (n+ 2)(n+ 1)an+2 + nan + an = (n+ 1)
(

(n+ 2)an+2 + an
)

✹✳ ❑❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥

+∞
∑

n=0

dnx
n = 0 ✐♠♣❧✐❡s t❤❛t ❛❧❧ t❤❡ dn ❡q✉❛❧ ③❡r♦✳ ❯s✐♥❣ t❤✐s ♣r♦♣❡rt②✱ s❤♦✇ t❤❛t

a2 = −1

2
, a3 = 0 ❛♥❞✱ ❛s ❛ ❣❡♥❡r❛❧ r✉❧❡✿ ∀ ∈ N, an+2 = − an

n+ 2

❙✐♥❝❡ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts dn ❛r❡ ③❡r♦s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ n ∈ N✿

(n+ 1)
(

(n+ 2)an+2 + an
)

= 0 =⇒ (n+ 2)an+2 + an = 0 =⇒ an+2 = − an
n+ 2

❋♦r ❡①❛♠♣❧❡✱ s✐♥❝❡ a0 = 1 ❛♥❞ a1 = 0✱ ✇❡ ❣❡t a2 = −a0
2

= −1

2
❛♥❞ a3 = −a1

3
= 0✳

✺✳ ❲❤❛t ✐s t❤❡ ✈❛❧✉❡ ♦❢ an ✇❤❡♥ n ✐s ♦❞❞❄

a1 = 0, a3 = −a1
3

= 0, a5 = −a3
5

= 0, · · ·

❋✐♥❛❧❧②✱ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts an ❛r❡ ③❡r♦s ✇❤❡♥ n ✐s ♦❞❞✳

✺



▼❛t❤❡♠❛t✐❝s
▼✐❞t❡r♠ ❡①❛♠ ❙✸ ✕ ❈♦rr❡❝t✐♦♥

❙✸ ✷✵✷✷

❊♣✐t❛

✻✳ ❋✐♥❞ t❤❡ ✈❛❧✉❡ ♦❢ an ✇❤❡♥ n ✐s ❡✈❡♥✳

❍✐♥t✿ ②♦✉ ❝❛♥ s❡t n = 2k ✭k ∈ N✮✳ ❚♦ st❛rt ✇✐t❤✱ ❡①♣r❡ss a2k ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ a2(k−1)✱ t❤❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ a2(k−2)✱ ❛♥❞

s♦ ♦♥✱ ✉♥t✐❧ ②♦✉ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ a2k ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ a0✳

a2k = −a2(k−1)

2k
=

(

− 1

2k

)

× a2(k−1) =

(

− 1

2k

)

×
(

− 1

2(k − 1)

)

× a2(k−2) = · · ·

■❢ ✇❡ ❣♦ ♦♥✱ ✇❡ ❣❡t✿ a2k =

(

− 1

2k

)

×
(

− 1

2(k − 1)

)

× · · · ×
(

−1

2

)

a0

❙✐♥❝❡ a0 = 1✱ ✇❡ ❣❡t a2k =
(−1)k

2k k!
=

(

− 1
2

)k

k!
✳

✼✳ ❉❡❞✉❝❡ f(x)✳ ❋✐rst✱ ❡①♣r❡ss ✐t ❛s ❛ ♣♦✇❡r s❡r✐❡s✱ t❤❡♥ ✜♥❞ ❛♥ ❡①♣r❡ss✐♦♥ ✇✐t❤ t❤❡ ✉s✉❛❧ ❢✉♥❝t✐♦♥s✳

❘❡♠✐♥❞ t❤❛t f(x) =
+∞
∑

n=0

anx
n✳

❇✉t ✐♥ t❤✐s s✉♠✱ ♦♥❧② t❤❡ t❡r♠s ♦❢ ❡✈❡♥ r❛♥❦s ❛r❡ ♥♦♥✲③❡r♦s✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✇r✐t❡ ✐t ❛s✿

f(x) =

+∞
∑

k=0

a2kx
2k =

+∞
∑

k=0

(

− 1
2

)k

k!
x2k

◆♦t❡ t❤❛t ❢♦r ❛❧❧ k ∈ N✱

(

− 1
2

)k

k!
x2k =

(

−x2

2

)k

k!
✳ ❚❤✉s✱ ✇❡ ❣❡t✿

f(x) =

+∞
∑

k=0

(

−x2

2

)k

k!

❲❡ r❡❝♦❣♥✐③❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ s❡r✐❡s✱ ✇✐t❤ t❤❡ ✐♥♣✉t ✈❛r✐❛❜❧❡ −x2

2 ✳

❚❤✉s✱ ❢♦r ❛❧❧ x ∈ ]−R,R[✱ f(x) = e−x2/2✳

✽✳ ✭❇♦♥✉s✮ ❈❤❡❝❦ t❤❛t t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ t❤❛t ②♦✉ ❣♦t ❛t ♣r❡✈✐♦✉s q✉❡st✐♦♥ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ (C) ♦♥ t❤❡ ✇❤♦❧❡ s❡t R✳

▲❡t f ❜❡ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ R ❜② f(x) = e−x2/2✳ ❚❤❡♥ ❢♦r ❛❧❧ x ∈ R✿

• f ′(x) =
(

−x2/2
)′
e−x2/2 = −x e−x2/2

• f ′′(x) = −e−x2/2 − x
(

e−x2/2
)′

= −e−x2/2 + x2 e−x2/2

❚❤✉s✱ f(0) = 1, f ′(0) = 0 ❛♥❞ ❢♦r ❛❧❧ x ∈ R✱

f ′′(x) + xf ′(x) + f(x) =
(

−e−x2/2 + x2 e−x2/2
)

−
(

x2 e−x2/2
)

+
(

e−x2/2
)

= 0

f ✐s ❤❡♥❝❡ ❛ s♦❧✉t✐♦♥ ♦❢ (C)✳

✻


