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✶✳ ◆♦t♦♥s un =
(n+ 1)!

1× 4× · · · × (3n+ 1)
an ❡t r❛✐s♦♥♥♦♥s ✈✐❛ ❧❛ rè❣❧❡ ❞❡ ❞✬❆❧❡♠❜❡rt✳

un+1

un
=

(n+ 2)!an+1

1× 4× · · · × (3n+ 4)
× 1× 4× · · · × (3n+ 1)

(n+ 1)!an
=

a(n+ 2)

3n+ 4
−−−−−→
n→+∞

a

3
·

❙✐ a < 3✱
∑

un ❝♦♥✈❡r❣❡✳

❙✐ a > 3✱
∑

un ❞✐✈❡r❣❡✳

✷✳ ◆♦t♦♥s un =

(

n

n+ 1

)n2

❡t r❛✐s♦♥♥♦♥s ✈✐❛ ❧❛ rè❣❧❡ ❞❡ ❈❛✉❝❤②✳

n

√
un =

(

n

n+ 1

)n

= e−n ln(1+1/n) = e−n(1/n+o(1/n)) = e−1+o(1) −−−−−→
n→+∞

e−1 < 1✳

❆✐♥s✐
∑

un ❝♦♥✈❡r❣❡✳

✸✳

∣

∣

∣

∣

sin(n)

n(n+ 1)

∣

∣

∣

∣

6
1

n2
·

❖r
∑ 1

n2
❝♦♥✈❡r❣❡ ❞♦♥❝

∑ sin(n)

n(n+ 1)
❝♦♥✈❡r❣❡ ❛❜s♦❧✉♠❡♥t ❞♦♥❝ ❝♦♥✈❡r❣❡✳

❊①❡r❝✐❝❡ ✷ ✭✸ ♣♦✐♥ts✮

✶✳ (un) ❡st ❛❧t❡r♥é❡ ❡t
(

|un|) ❝♦♥✈❡r❣❡ ✈❡rs 0✳ ❉❡ ♣❧✉s
(

|un|) ❡st ❞é❝r♦✐ss❛♥t❡ ❝❛r f ✿ t 7−→ 1

ln(
√
t+ 1)

✈ér✐✜❡ ♣♦✉r

t♦✉t t ∈ [1,+∞[ ✿

f ′(t) = − 1

ln(
√
t+ 1)2

× 1√
t+ 1

× 1

2
√
t
6 0

❆✐♥s✐✱ ✈✐❛ ❧❡ ❝r✐tèr❡ s♣é❝✐❛❧ ❞❡s sér✐❡s ❛❧t❡r♥é❡s✱
∑

un ❝♦♥✈❡r❣❡✳

✷✳ ❱✐❛ ❧❡ t❤é♦rè♠❡ ❞❡s ❝r♦✐ss❛♥❝❡s ❝♦♠♣❛ré❡s✱ n1/2|un| −−−−−→
n→+∞

+∞✳

✸✳ ❱✐❛ ❧❛ q✉❡st✐♦♥ ♣ré❝é❞❡♥t❡✱ ✐❧ ❡①✐st❡ ✉♥ r❛♥❣ N ∈ N t❡❧ q✉❡ ♣♦✉r t♦✉t n ∈ N✱

n > N =⇒ n1/2|un| > 1

❞♦♥❝ ♣♦✉r t♦✉t n ∈ N✱

n > N =⇒ |un| >
1

n1/2

❖r
∑ 1

n1/2
❞✐✈❡r❣❡ ❞♦♥❝

∑ |un| ❞✐✈❡r❣❡✳

❊①❡r❝✐❝❡ ✸ ✭✸ ♣♦✐♥ts✮

✶✳ un ∼
+∞

(−1)n

n
·

❖♥ ♥❡ ♣❡✉t r✐❡♥ ❝♦♥❝❧✉r❡ ❝❛r ❧❛ s✉✐t❡

(

(−1)n

n

)

♥✬❡st ♣❛s ❞❡ s✐❣♥❡ ❝♦♥st❛♥t✳

✷✳ ❱✐❛ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ sin(x) ❡♥ ✵✱ ♦♥ ❛ un =
(−1)n

n
− (−1)n

6n3
+ o

(

1

n3

)

✳

✶
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❊♣✐t❛

✸✳ (un) = (vn) + (wn) ♦ù (vn) =

(

(−1)n

n

)

❡t (wn) =

(

− (−1)n

6n3
+ o

(

1

n3

)

)

✳

(vn) ❡st ❛❧t❡r♥é❡ ❡t ✈ér✐✜❡ ❧❡ ❝r✐tèr❡ s♣é❝✐❛❧ ❞♦♥❝
∑

vn ❝♦♥✈❡r❣❡✳

|wn| ∼
+∞

1

6n3
·

❖r
∑ 1

n3
❝♦♥✈❡r❣❡ ❞♦♥❝

∑

wn ❝♦♥✈❡r❣❡ ❛❜s♦❧✉♠❡♥t ❞♦♥❝ ❝♦♥✈❡r❣❡✳

❆✐♥s✐✱ ❧❛ sér✐❡ ❞❡ t❡r♠❡ ❣é♥ér❛❧ un✱ s♦♠♠❡ ❞❡ ❞❡✉① sér✐❡s ❝♦♥✈❡r❣❡♥t❡s✱ ❝♦♥✈❡r❣❡✳
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✶✳

+∞
∑

n=0

qn =
1

1− q
·

✷✳ ❖♥ ❝❤❡r❝❤❡ k t❡❧ q✉❡

+∞
∑

n=0

pn = 1✳

❈♦♠♠❡
a

a+ 1
< 1✱ ♦♥ ❛

+∞
∑

n=0

(

a

a+ 1

)n

=
1

1− a
a+1

= a+ 1✳

❆✐♥s✐
+∞
∑

n=0

pn = 1 ⇐⇒ k(a+ 1) = 1

❞✬♦ù k =
1

a+ 1
·

✸✳ ◆♦t♦♥s G ❧❛ ❢♦♥❝t✐♦♥ ❣é♥ér❛tr✐❝❡ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ s✉✐✈❛♥t ❧❛ ❧♦✐ pn✳

G(t) =
+∞
∑

n=0

pnt
n =

+∞
∑

n=0

k

(

a

a+ 1

)n

tn✳

❱✐❛ ❧❛ rè❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡rt✱ ♦♥ ❡♥ ❞é❞✉✐t ✐♠♠é❞✐❛t❡♠❡♥t q✉❡ ❧❡ r❛②♦♥ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ R ❞❡ ❝❡tt❡ sér✐❡ ❡♥t✐èr❡

❡st
a+ 1

a
= 1 +

1

a

❙♦✐t t ∈ ]−R,R[✳ ❆❧♦rs ✈✐❛ ❧❡ ❉❙❊ ❝❧❛ss✐q✉❡ ❞❡
1

1− u
✱ ♦♥ ❛ ✐♠♠é❞✐❛t❡♠❡♥t

+∞
∑

n=0

(

a

a+ 1

)n

tn =
+∞
∑

n=0

(

a

a+ 1
t

)n

=
1

1− a
a+1 t

=
a+ 1

a+ 1− at

❆✐♥s✐✱ ❝♦♠♠❡ k =
1

a+ 1
✱ G(t) =

1

1 + a− at
·

❊①❡r❝✐❝❡ ✺ ✭✸ ♣♦✐♥ts✮

◆♦t♦♥s ♣♦✉r t♦✉t n ∈ N∗✱ an =
1√
n

❡t ✉t✐❧✐s♦♥s ❧❛ rè❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡rt✳

∣

∣

∣

∣

an+1

an

∣

∣

∣

∣

=

√

n

n+ 1
−−−−−→
n→+∞

1 ❞♦♥❝ ❧❡ r❛②♦♥ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ sér✐❡ ❡st R = 1✳

◆♦t♦♥s ♣♦✉r t♦✉t n ∈ N✱ bn =
n!

(2n)!
❡t ✉t✐❧✐s♦♥s ❞❡ ♥♦✉✈❡❛✉ ❧❛ rè❣❧❡ ❞❡ ❉✬❆❧❡♠❜❡rt✳

∣

∣

∣

∣

bn+1

bn

∣

∣

∣

∣

=
n+ 1

(2n+ 1)(2n+ 2)
=

1

2(2n+ 1)
−−−−−→
n→+∞

0 ❞♦♥❝ ❧❡ r❛②♦♥ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ sér✐❡ ❡st R = +∞✳

✷
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▲❡ ❉❙❊ ✭❡♥ ✵✮ ❞❡ ln(1 + x) ❡st ln(1 + x) =
+∞
∑

n=1

(−1)n−1x
n

n
·

❆✐♥s✐ ❝❡❧✉✐ ❞❡ ln
(

1 + 2x2
)

❡st ln
(

1 + 2x2
)

=
+∞
∑

n=1

(−1)n−1 2
nx2n

n
·

ex =
+∞
∑

n=0

xn

n!
❡t

1

1− x
=

+∞
∑

n=0

xn✳

❆✐♥s✐✱ ✈✐❛ ❧❡ ♣r♦❞✉✐t ❞❡ ❈❛✉❝❤②✱ ♦♥ ❛ ✐♠♠é❞✐❛t❡♠❡♥t
ex

1− x
=

+∞
∑

n=0

anx
n ♦ù an =

n
∑

k=0

1

k!
·
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✶✳ GX(1) = 1 ❞♦♥❝ 25k = 1 s♦✐t k =
1

25
·

✷✳ GX(t) =
1

25

(

9 + 12t2 + 4t4
)

=
9

25
+

12

25
t2 +

4

25
t4✳

❆✐♥s✐✱ ❝♦♠♠❡ GX(t) =
+∞
∑

k=0

P (X = k)tk✱ ♦♥ ❛ ✿

P (X = 0) =
9

25
;P (X = 1) = 0;P (X = 2) =

12

25
;P (X = 3) = 0;P (X = 4) =

4

25
❡t ♣♦✉r t♦✉t k > 4, P (X = k) = 0.

✸✳ G′

X(t) = 2k(3 + 2t2)4t ❞♦♥❝ E(X) = G′

X(1) = 40k =
40

25
=

8

5
·

✸


