Mathematics S3 15/16
MIDTERM EXAM 1 — October 2015 EpiTA
Midterm exam 1
Duration : three hours
Documents and calculators not allowed
Exercise 1 (2 points)
1. Determine the Taylor expansion around 0 at the order 3 of cos(z)™(®).
In(1 + si — sin(In(1
2. Determine lim n( +s1n(z))' sm( n( +;z;))
0 22 sin(a?)
Exercise 2 (4,5 points)
1. Using the d’Alembert rule, determine the nature of Z
n+ 2”
+ n?
2. Using the d’Alembert rule, determine the nature of Z
sin(y/n +1
3. Determine the nature of Z \/; )
n
_1)n
4. Let o € R. Determine, with precise and detailed arguments, the nature of Z !
Exercise 3 (8 points)
For all n € N*, we set
n 1
w3
=V
1. a. What is the nature of the series Z —
b. What is the limit of a,, when n tends to +o00?
2. We consider the sequence (uy,)n>2 defined for all n > 2 by
o)
(=1)" + an
a. Show that for all n > 2
-y 1 (1
Uy = - — —
an, a2 a2
1 . .
b. Show that the sequence () is decreasing and converges to 0.
an / neN=
. -1
c. Deduce the nature of the series Z .
an
d. Show by induction that, for all n € N*,
2vVn+1-2<a, <2vn-1
1
N.B. : the fact, without ing it, that for all n € N*, 2/n +2 — 2v/n+1 < and
you can use the fact, without proving i at fo V' V' NS
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f. Deduce the nature of the series Z (—2 +o0 <2>>
an aTL

e. Deduce the limit of when n tends to +00. Give an equivalent of a,, in +ooc.

3. Determine the nature of the series Z Up,

Exercise 4 (4,5 points)

We consider the sequence (uy,)n>2 such that

For n > 2, we set

1. Show that

2. Determine (a, 3) € R? such that

3. Determine v € R such that

4. Show that

e R )

5. Deduce the nature of > u,,.
N.B. : your redaction at this last question is expected to be particularly precise and rigorous.

Exercise 5 (2 points)
1. Let (uy,) be a real sequence. Show that : > (un41 — uy) convergent <= (u,) convergent.

2. Let (an)nen be a real sequence with strictly positive terms and ug € R%. We define (uy),en by

a
VTLEN, un-i-l:un_"i

n

Show that : (u,) convergent <= > a,, convergent.

N.B. : you may use the fact (without proving it) that (u,) is strictly positive ans strictly increasing.



