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✶✳ cos(x)sin(x) = esin(x) ln
(

cos(x)
)

✳

❇✉t

sin(x) ln
(

cos(x)
)

=

(

x− x3

6
+ o
(

x3
)

)

ln

(

1− x2

2
+ o
(

x3
)

)

=

(

x− x3

6
+ o
(

x3
)

)(

−x2

2
+ o
(

x3
)

)

s♦ cos(x)sin(x) = e−x3/2+o(x3) = 1− x3

2
+ o
(

x3
)

✳

✷✳ ln
(

1+ sin(x)
)

= ln

(

1 + x− x3

6
+ o
(

x4
)

)

=

(

x− x3

6

)

− 1

2

(

x− x3

6

)2

+
1

3

(

x− x3

6

)3

− 1

4

(

x− x3

6

)4

+ o
(

x4
)

s♦

ln
(

1 + sin(x)
)

= x− x3

6
− 1

2

(

x2 − x4

3

)

+
1

3
x3 − 1

4
x4 + o

(

x4
)

❚❤✉s

ln
(

1 + sin(x)
)

= x− x2

2
+

x3

6
− x4

12
+ o
(

x4
)

sin
(

ln(1 + x)
)

= sin

(

x− x2

2
+

x3

3
− x4

4
+ o
(

x4
)

)

=

(

x− x2

2
+

x3

3
− x4

4

)

− 1

6

(

x− x2

2
+

x3

3
− x4

4

)3

+ o
(

x4
)

s♦

sin
(

ln(1 + x)
)

= x− x2

2
+

x3

6
+ o
(

x4
)

❚❤✉s

ln
(

1 + sin(x)
)

− sin
(

ln(1 + x)
)

= −x4

12
+ o
(

x4
)

❛♥❞

ln
(

1 + sin(x)
)

− sin
(

ln(1 + x)
)

∼
0
−x4

12

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ x2 sin(x2) ∼
0
x4✳ ❚❤✉s

ln
(

1 + sin(x)
)

− sin
(

ln(1 + x)
)

x2 sin(x2)
∼
0

−x4

12

x4
= − 1

12

❛♥❞

lim
x→0

[

ln
(

1 + sin(x)
)

− sin
(

ln(1 + x)
)

x2 sin(x2)

]

= − 1

12

❊①❡r❝✐❝❡ ✷ ✭✹✱✺ ♣♦✐♥ts✮

✶✳ ▲❡t✬s ❝❛❧❧ un =
2n

n+ 2n
·

un+1

un
=

2n+ 2

n+ 1 + 2n+1
× n+ 2n

2n

=
n+ 1

n
× 2n

2n+1
×

n
2n + 1
n+1
2n+1 + 1

−−−−−→
n→+∞

1

2

❇✉t
1

2
< 1 s♦✱ ✈✐❛ t❤❡ r✉❧❡ ♦❢ ❞✬❆❧❡♠❜❡rt✱

∑

un ✐s ❝♦♥✈❡r❣❡♥t✳

✶
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✷✳ ▲❡t✬s ❝❛❧❧ vn =
1 + n2

n!
·

vn+1

vn
=

1 + (n+ 1)2

(n+ 1)!
× n!

1 + n2
=

1

n+ 1
× n2 + 2n+ 2

n2 + 1
−−−−−→
n→+∞

0✳

❇✉t 0 < 1 s♦
∑

vn ✐s ❝♦♥✈❡r❣❡♥t✳

✸✳

∣

∣

∣

∣

∣

sin
(√

n+ 1
)

n2

∣

∣

∣

∣

∣

6
1

n2
❛♥❞

∑ 1

n2
✐s ❝♦♥✈❡r❣❡♥t s♦

∑ sin
(√

n+ 1
)

n2
✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t✳ ❚❤❡r❡❢♦r❡ ✐t ✐s

❝♦♥✈❡r❣❡♥t✳

✹✳ ■❢ α 6 0✱ t❤❡ t❡r♠ ♦❢ t❤❡ s❡r✐❡s ❞♦❡s ♥♦t t❡♥❞ t♦ ✵ s♦
∑ (−1)n

nα
✐s ❞✐✈❡r❣❡♥t✳

■❢ α > 1✱
∑ (−1)n

nα
✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t s♦ ✐t ✐s ❝♦♥✈❡r❣❡♥t✳

■❢ 0 < α 6 1✱ t❤❡ s❡r✐❡s
∑ (−1)n

nα
✐s ❛❧t❡r♥❛t✐♥❣ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❛❧t❡r♥❛t✐♥❣ s❡r✐❡s ❝r✐t❡r✐♦♥ ✿

t❤❡ s❡q✉❡♥❝❡

(

1

nα

)

✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ t❡♥❞s t♦ ✵ s♦
∑ (−1)n

nα
✐s ❝♦♥✈❡r❣❡♥t✳

❊①❡r❝✐s❡ ✸ ✭✽ ♣♦✐♥ts✮

✶✳ ❛✳
∑ 1√

n
✐s ❛ ❞✐✈❡r❣❡♥t ❘✐❡♠❛♥♥ s❡r✐❡s ❜❡❝❛✉s❡

1

2
< 1✳

❜✳ (an) ✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣❛rt✐❛❧ s✉♠s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❡r✐❡s
∑ 1√

n
✳ ■t ✐s ✐♥❝r❡❛s✐♥❣ ❜❡❝❛✉s❡ t❤❡ s❡r✐❡s ❤❛s

♣♦s✐t✐✈❡ t❡r♠s✳ ❱✐❛ t❤❡ ♣r❡✈✐♦✉s q✉❡st✐♦♥✱
∑ 1√

n
✐s ❞✐✈❡r❣❡♥t s♦ an ❞✐✈❡r❣❡s t♦ +∞ ✇❤❡♥ n t❡♥❞s t♦ +∞✳

✷✳ ❛✳ ❲❡ ❤❛✈❡

un =
(−1)n

an

(

1 +
(−1)n

an

)−1

=
(−1)n

an

(

1− (−1)n

an
+ o

(

1

an

)

)

=
(−1)n

an
− 1

a2n
+ o

(

1

a2n

)

❜✳
1

an+1
− 1

an
=

an − an+1

anan+1

❜✉t

an − an+1 = − 1√
n+ 1

< 0

s♦
1

an+1
− 1

an
< 0✳ ❚❤✉s✱

(

1

an

)

n∈N∗

✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ 1.b✱ ❝♦♥✈❡r❣❡s t♦ ✵✳

❝✳ ❚❤❡ s❡r✐❡s
∑ (−1)n

an
✐s ❝♦♥✈❡r❣❡♥t ❛❝❝♦r❞✐♥❣ t❤❡ ❛❧t❡r♥❛t✐♥❣ s❡r✐❡s ❝r✐t❡r✐♦♥✳

❞✳ ❲❡ ❤❛✈❡

2
√
2− 2 6 a1 = 1 6 2

√
1− 1 = 1

s♦ t❤❡ ♣r♦♣❡rt② ✐s tr✉❡ ❢♦r n = 1✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✐t ✐s tr✉❡ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ n > 1✳ ❚❤❡♥✱ s✐♥❝❡

an+1 = an +
1√
n+ 1

✷
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✇❡ ❤❛✈❡✱ ✈✐❛ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♥❞ t❤❡ r❡♠❛r❦ ✐♥ ◆✳❇✳✱

2
√
n+ 1− 2 + 2

√
n+ 2− 2

√
n+ 1 6 an+1 6 2

√
n− 1 + 2

√
n+ 1− 2

√
n

t❤❛t ✐s

2
√
n+ 2− 2 6 an+1 6 2

√
n+ 1− 1

❋✐♥❛❧❧②✱ t❤❡ ♣r♦♣❡rt② ✐s ❛❧s♦ tr✉❡ ❢♦r n+ 1✳

❡✳ ❘❡❢❡r✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s q✉❡st✐♦♥✱ ✇❡ ❤❛✈❡

√
n+ 1− 1√

n
6

an

2
√
n
6

2
√
n− 1

2
√
n

✇❤✐❝❤ ♠❡❛♥s t❤❛t
√

1 +
1

n
− 1√

n
6

an

2
√
n
6 1− 1

2
√
n

❯s✐♥❣ t❤❡ sq✉❡❡③❡ t❤❡♦r❡♠✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
an

2
√
n
−→ 1✳ ❍❡♥❝❡

an ∼
+∞

2
√
n

❢✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s q✉❡st✐♦♥✱

− 1

a2n
+ o

(

1

a2n

)

∼
+∞

− 1

a2n
∼
+∞

− 1

4n

❜✉t
∑ 1

n
✐s ❞✐✈❡r❣❡♥t s♦

∑

(

− 1

a2n
+ o

(

1

a2n

)

)

✐s ❞✐✈❡r❣❡♥t✳

✸✳
∑

un ✐s t❤❡ s✉♠ ♦❢ ❛ ❝♦♥✈❡r❣❡♥t s❡r✐❡s ❛♥❞ ❛ ❞✐✈❡r❣❡♥t ♦♥❡✳ ■t ✐s t❤❡r❡❢♦r❡ ❞✐✈❡r❣❡♥t✳

❊①❡r❝✐s❡ ✹ ✭✹✱✺ ♣♦✐♥ts✮

1. un = ln

(√
n+ (−1)n√

n+ 1

)

= ln

( √
n√

n+ 1
+

(−1)n√
n+ 1

)

= ln

( √
n√

n+ 1

(

1 +
(−1)n√

n

)

)

= ln

( √
n√

n+ 1

)

+ ln

(

1 +
(−1)n√

n

)

= ln (vn) + ln

(

1 +
(−1)n√

n

)

2. vn =

√

n

n+ 1
=

(

1 +
1

n

)

−
1
2

= 1− 1

2n
+

3

8n2
+ o

(

1

n2

)

❙♦ α =
1

2
❛♥❞ β =

3

8
·

✸
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3. ln (vn) = ln

(

1− 1

2n
+

3

8n2
+ o

(

1

n2

)

)

= − 1

2n
+

3

8n2
− 1

2

(

1

2n
− 3

8n2

)2

+ o

(

1

n2

)

= − 1

2n
+

3

8n2
− 1

8n2
+ o

(

1

n2

)

= − 1

2n
+

1

4n2
+ o

(

1

n2

)

❙♦ γ =
1

4
·

4. un = ln (vn) + ln

(

1 +
(−1)n√

n

)

= − 1

2n
+

1

4n2
+ o

(

1

n2

)

+ ln

(

1 +
(−1)n√

n

)

❇✉t

ln

(

1 +
(−1)n√

n

)

=
(−1)n√

n
− (−1)2n

2n
+

(−1)3n

3n
√
n

+ o

(

1

n
√
n

)

=
(−1)n√

n
− 1

2n
+

(−1)n

3n
√
n
+ o

(

1

n
√
n

)

❋✉rt❤❡r♠♦r❡
1

4n2
+ o

(

1

n2

)

= o

(

1

n
√
n

)

❋✐♥❛❧❧②

un = − 1

2n
+

(−1)n√
n

− 1

2n
+

(−1)n

3n
√
n
+ o

(

1

n
√
n

)

=
(−1)n√

n
− 1

n
+

(−1)n

3n
√
n
+ o

(

1

n
√
n

)

✺✳ un =
(−1)n√

n
− 1

n
+

(−1)n

3n
√
n
+ o

(

1

n
√
n

)

❇✉t
∑ (−1)n√

n
✐s ❛❧t❡r♥❛t✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡♥t✱ ❜❡❝❛✉s❡

(
∣

∣

∣

∣

(−1)n√
n

∣

∣

∣

∣

)

✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ t❡♥❞s t♦ ✵✳

▲❡t✬s ❝❛❧❧

wn =
(−1)n

3n
√
n
+ o

(

1

n
√
n

)

❚❤❡♥

|wn| ∼
+∞

1

3n
√
n
=

1

3n
3
2

❛♥❞
∑ 1

n
3
2

✐s ❝♦♥✈❡r❣❡♥t✳ ❙♦
∑

wn ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❝♦♥✈❡r❣❡♥t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
∑ 1

n
✐s ❞✐✈❡r❣❡♥t✳

❋✐♥❛❧❧②
∑

un✱ ❜❡✐♥❣ t❤❡ s✉♠ ♦❢ ❛ ❞✐✈❡r❣❡♥t s❡r✐❡s ❛♥❞ ❛ ❝♦♥✈❡r❣❡♥t ♦♥❡✱ ✐s ❞✐✈❡r❣❡♥t✳

✹
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✶✳
∑

(un+1 − un) ❝♦♥✈❡r❣❡♥t ⇐⇒
(

n
∑

k=0

(uk+1 − uk)

)

❝♦♥✈❡r❣❡♥t ⇐⇒ (un − u0) ❝♦♥✈❡r❣❡♥t s♦

∑

(un+1 − un) ❝♦♥✈❡r❣❡♥t ⇐⇒ (un) = (un − u0 + u0) ❝♦♥✈❡r❣❡♥t

✷✳ ⇐=

❙✉♣♣♦s❡ t❤❛t
∑

an ✐s ❝♦♥✈❡r❣❡♥t✳ ❚❤❡♥

∀n ∈ N, 0 < un+1 − un =
an

un
<

an

u0

s♦
∑

(un+1 − un) ✐s ❝♦♥✈❡r❣❡♥t ❜② ❝♦♠♣❛r❛✐s♦♥ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ q✉❡st✐♦♥ ✶✱ (un) ✐s ❝♦♥✈❡r❣❡♥t✳

=⇒
❙✉♣♣♦s❡ ♥♦✇ t❤❛t (un) ❝♦♥✈❡r❣❡s t♦ ℓ✳ ❙✐♥❝❡ (un) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ str✐❝t❧② ♣♦s✐t✐✈❡✱ ℓ > 0✳ ❋✉rt❤❡r❡♠♦r❡

0 < un+1 − un =
an

un
∼
+∞

an

ℓ

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

an ∼
+∞

ℓ(un+1 − un)

❇✉t (un) ✐s ❝♦♥✈❡r❣❡♥t s♦✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ q✉❡st✐♦♥ ✶✱
∑

(un+1 − un) ✐s ❝♦♥✈❡r❣❡♥t✳

❚❤✉s✱
∑

an ✐s ❝♦♥✈❡r❣❡♥t ❜② ❝♦♠♣❛r❛✐s♦♥✳

✺


