Mathematics S3 15/16
CORRECTION OF MIDTERM EXAM 1 — October 2015 EpriTA

Correction of Midterm exam 1

Exercise 1 (2 points)
sin(z) _ esin(m)ln(cos(m))'

1. cos(x)

But

sin(z) In (cos(z)) = <x - % + 0(1:3)) In (1 - % + 0(x3)> = <a: - % + 0(173)) <952 + o(z3)>

3
so cos(z)*(@) = e~ /240 — 1 _ % + 0($3).

2. In(1+sin(z)) =In <1+x$63+0(a:4)> = (mf) f% (l'x;)2+; <:cx63)3i <x§>4+0(x4)

SO
: o 1, at 5 1y .
ln(l—i—sm(x)) _x—€—§ (;v _3) +§x -t —|—0(:c )
Thus ) , \
. x x T
ln<1—|—sm(a:)) =z — ?—FE_ 5 + (a:4)

2 3 4 2 3 4 1 2 3 4\ 3
-2 = (s 5+ 5= vote) = (s 5 05 -5) g (o5 -5 5) vl
SO

2 3
sin(In(1+42)) =z — % + % + o(z?)
Thus A
In(1 +sin(z)) - sin(In(1 + x)) = =35 + o(a"*)
and

4

In(1 + sin(z)) — sin(In(1 + z)) ¥ —%

On the other hand, x? sin(x?) > 2%, Thus

In(1 + sin(z)) — sin(In(1 + z)) —’1”—; 1
22 sin(a?) o ozt 12
and
i In(1+sin(z)) —sin(In(1+2)) | 1
250 22 sin(a?) 12
Exercice 2 (4,5 points)
2n
1. Let’s call = .
et’s call up = —— =0
Unyl 2n + 2 ><71—&—2”
U,  n4142nt1 2n
n+1 2" o +1 1
= X x —2 _
n on+1 2""111 +1 n—too 2

1
But 5 < 1 so, via the rule of d’Alembert, > u, is convergent.
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2. Let’s call v,, = tn .
n!
Vpr1 14+ (n+1)2 n! 1 n?+2n+2
= X = X 0.
Un, (n+1)! 1+n%2 n+1 n?24+1  notoo

But 0 < 180 ) v, is convergent.

sin(y/n + 1) 1 1. sin(y/n+1) L
3. — < 3 and Zﬁ is convergent so ZT is absolutely convergent. Therefore it is
convergent.
_1)n
4. If a <0, the term of the series does not tend to 0 so Z Q is divergent.
noc

1"
Ifa>1, Z % is absolutely convergent so it is convergent.
n

1"
If 0 < a < 1, the series E % is alternating and satisfies the conditions of the alternating series criterion :
n

1 -1
the sequence (> is decreasing and tends to 0 so Z Q is convergent.
ne n

[e%

Exercise 3 (8 points)

1 1
1. a. Z ﬁ is a divergent Riemann series because 5 <1

b. (a,) is the sequence of partial sums associated to the series Z It is increasing because the series has

1
1 \/ﬁ
positive terms. Via the previous question, Z —— is divergent so a,, diverges to +oco when n tends to +oo.

Vn
2. a. We have

o= B (1 <—1>”>‘1

1
Qp — Apy1 = —
i vn+1

1 1 1
SO — — < 0. Thus, () is decreasing and, according to 1.b, converges to 0.
neN*

<0

Ap+1 (079 (079

c. The series E is convergent according the alternating series criterion.

(="

d. We have
2V2-2<a;=1<2V1-1=1

so the property is true for n = 1. Suppose now that it is true for a given value n > 1. Then, since

1
vn+1

Ap+1 = Qp +
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we have, via the induction hypothesis and the remark in N.B.,

Wn+1l-2+2vn+2-2Vn+1<an <2vn—1+2vVn+1-2y/n

that is

2vn+2—-2<ap+1 <2vn+1-1

Finally, the property is also true for n + 1.

e. Refering to the previous question, we have

Vntl-1_ an _2V/n—1
N NN

which means that

1+ 1 ! < 2 < 1
no Vvn o 2yn 2/n
Using the squeeze theorem, we deduce that an — 1. Hence
2y/n
n 1 2v/n

f. According to the previous question,

1 n 1 1 1
Cdol =) ~ =~
a2 a2 ) 400 a2 +oo  4n

1 1 1
but Z — is divergent so Z (—2 +o0 (2)> is divergent.
n a an

n

3. Z Uy, is the sum of a convergent series and a divergent one. It is therefore divergent.

Exercise 4 (4,5 points)
Vi (1)

ot = m(V@+1) Zln(wfl1+¢ﬁ+1>::m<

- () 58)

= In(v,)+1n (1 + (—1>”>

Vn
=
1
2. v, = 2= (1+)
n+1 n
R T
n 2n  8n? n?
1 3
Soaziandﬂ:g

)
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1 3 1 1 3 1/1 3\? 1
Cln() = Wl St S| = ety s (- =
3. In(vn) n( 2 +8n2 (n2>> 2n+8n2 2<2n 8n2> +0(n2)
_ v, 3 1 1
- 2n  8n?  8n? n?
(L
o 2n  4n? © n2
Sovy=-
(—1)" 11 1 —1)n
4w, = In(v,)+In(1 S . In (1
u n(v)+n<+ vn 2n+4nQJr 2l e G vn
But
(=" (=" (=1* (=1 1
In(1 = —
n<+\/ﬁ N 2n +3n\/ﬁ+0nn
_ w1y (o
- n 2n  3nyn ny/n
Furthermore
Lo (A (o
a2 T\ n2) 70 ny/n
Finally
wp = - L T (L
) vn o 2n o 3nyn ny/n
1 (~1) 1
ny/n

> is decreasing and tends to 0

N ) LIS G VA
© T vnoooon o 3nyn ¢ ny/n

But > (=" is alternating and convergent, because (="
N ’ vn
)

n = 3nyv/n ¢ ny/n

Let’s call
—

wn ~ =

+o0 3n\/ﬁ 3n

1

3

2

Then
and > — is convergent. So > w, is absolutely convergent and is therefore convergent.

n2

1

On the other hand, Y — is divergent.
n

Finally > u,, being the sum of a divergent series and a convergent one, is divergent.
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Exercise 5 (2 points)

n

1. > (upt+1 — uy,) convergent < (Z(Uk+1 — uk)> convergent <> (u, — ug) convergent so
k=0

Z(unﬂ — uy,) convergent <= (uy,) = (u, — ug + ug) convergent
2
Suppose that > a,, is convergent. Then

a a
VneN, 0<upi —up = — < —
Un, Uo

$0 > (unt+1 — uy) is convergent by comparaison and, according to the question 1, (u,) is convergent.
Suppose now that (u,) converges to £. Since (u,,) is strictly increasing and strictly positive, £ > 0. Furtheremore

a a
0<un+1—un:—n~—n
Uy +oo F

which implies that

an ~ (Upi1 — Up)
+oo
But (uy) is convergent so, according to the question 1, > (u,41 — uy,) is convergent.

Thus, " a,, is convergent by comparaison.



