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❊♣✐t❛

❈♦rr❡❝t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ❡①❛♠

❊①❡r❝✐s❡ ✶ ✭✻ ♣♦✐♥ts✮

❆♥ ✐♥t❡r♥❡t s❡r✈✐❝❡ ♣r♦✈✐❞❡r ❤❛s ❛♥ ❤♦t❧✐♥❡ s❡r✈✐❝❡✱ ✐♥ ♦r❞❡r t♦ ❛ss✐st t❤❡ ❝✉st♦♠❡rs ❤❛✈✐♥❣ ❝♦♥♥❡❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❋♦r ❛ ✶✲❤♦✉r

t✐♠❡ ✐♥t❡r✈❛❧✱ ❝♦♥s✐❞❡r t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

X = ✧◆✉♠❜❡r ♦❢ ❝❛❧❧s t♦ t❤❡ ❤♦t❧✐♥❡ s❡r✈✐❝❡ ❞✉r✐♥❣ t❤✐s ✶✲❤♦✉r t✐♠❡ ✐♥t❡r✈❛❧✧

❆ss✉♠❡ t❤❛t t❤❡ ♥✉♠❜❡rs ♦❢ ❝❛❧❧s✱ ✐♥ t✇♦ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ t✐♠❡ ✐♥t❡r✈❛❧s✱ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❲❡ ❛❝❝❡♣t ✇✐t❤♦✉t

♣r♦♦❢ t❤❛t✱ ✐♥ t❤✐s ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts λ > 0 s✉❝❤ t❤❛t X ⇝ P♦✐ss♦♥(λ)✱ t❤❛t ✐s✱

X(Ω) = N ❛♥❞ ∀n ∈ N, P (X=n) = e−λλ
n

n!

❚❤❡ ❤♦t❧✐♥❡ s❡r✈✐❝❡ ✐s ♦♣❡♥❡❞ ✶✵ ❤♦✉rs ❡❛❝❤ ❞❛② ✭❢r♦♠ ✾✿✵✵ t♦ ✶✾✿✵✵✮✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ λ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ✶✲❤♦✉r t✐♠❡ ✐♥t❡r✈❛❧

❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦♣❡♥✐♥❣ ❤♦✉rs✳

✶✳ ❋✐♥❞ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ GX(t) ♦❢ ✈❛r✐❛❜❧❡ X✳ ❋✐rst✱ ❡①♣r❡ss GX(t) ❛s ❛ ♣♦✇❡r s❡r✐❡s✱ t❤❡♥ ❡①♣r❡ss ✐t ✇✐t❤ t❤❡ ✉s✉❛❧

❢✉♥❝t✐♦♥s✳

GX(t) =

+∞∑

n=0

P (X=n)tn =

+∞∑

n=0

e−λλ
n

n!
tn = e−λ

+∞∑

n=0

(λt)n

n!

❍❡♥❝❡✱ GX(t) = e−λ eλt = eλ(t−1)✳

✷✳ ❈♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ X✳

G′

X(t) = λeλ(t−1)✳ ❚❤✉s✱ E(X) = G′

X(1) = λ

G′′

X(t) = λ2eλ(t−1)✳ ❚❤✉s✱ Var(X) = G′′

X(1) + E(X)− E2(X) = λ2 + λ− λ2 = λ✳

✸✳ ❈♦♥s✐❞❡r ❛ ❞❛② d ❛♥❞ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

Y = ✧◆✉♠❜❡r ♦❢ ❝❛❧❧s t♦ t❤❡ ❤♦t❧✐♥❡ s❡r✈✐❝❡ ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❞❛②✧

✭❛✮ ❋✐♥❞ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ GY ♦❢ ✈❛r✐❛❜❧❡ Y ✳ ❏✉st✐❢② ❛❝❝✉r❛t❡❧②✳

❲❡ ❝❛♥ s♣❧✐t t❤❡ ♦♣❡♥✐♥❣ ❤♦✉rs ♦❢ t❤❡ s❡r✈✐❝❡ ✐♥t♦ t❡♥ ✶✲❤♦✉r ♣❡r✐♦❞s✳ ❋♦r h ∈ J1, 10K✱ ❧❡t ✉s ❞❡✜♥❡

Xh = ✧◆✉♠❜❡r ♦❢ ❝❛❧❧s t♦ t❤❡ ❤♦t❧✐♥❡ s❡r✈✐❝❡ ❞✉r✐♥❣ ♣❡r✐♦❞ h✧

❚❤❡♥ Y = X1 +X2 + · · ·+X10 ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s Xh ❛r❡ ✐♥❞❡♣❡♥❞❡♥t s✐♥❝❡ t❤❡ ✶✲❤♦✉r ♣❡r✐♦❞s ❞♦♥✬t ♦✈❡r❧❛♣✳

❚❤✉s✱ GY (t) = GX1
(t)× · · · ×GX10

(t) = e10λ(t−1)✳

✭❜✮ ❉❡❞✉❝❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✳

❲❡ ❞❡❞✉❝❡ ❢r♦♠ q✉❡st✐♦♥ ✸✳❛ t❤❛t Y ✐s P♦✐ss♦♥✲❞✐str✐❜✉t❡❞ ✇✐t❤ ♣❛r❛♠❡t❡r 10λ✿

Y (Ω) = N ❛♥❞ ∀n ∈ N, P (Y=n) = e−10λ (10λ)n

n!

❊①❡r❝✐s❡ ✷ ✭✻✳✺ ♣♦✐♥ts✮

❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠❛♣ f :

{
R2[X] −→ R2

P 7−→
(
P (1), P (2)

)

✶



▼❛t❤❡♠❛t✐❝s

❋✐♥❛❧ ❡①❛♠ ❙✸ ✲ ❈♦rr❡❝t✐♦♥ ✕ ❉❡❝❡♠❜❡r ✷✵✷✷
❙✸ ✷✵✷✷

❊♣✐t❛

✶✳ ▲❡t P = aX2 + bX + c ∈ R2[X]✳ ❲r✐t❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ (a, b, c) ❢♦r P ∈ Ker(f)✳ ❚❤❡♥ ✜♥❞ ❛ ❜❛s✐s ♦❢ Ker(f)✳

P ∈ Ker(f) ⇐⇒

{
a+ b+ c = 0

(
P (1) = 0

)

4a+ 2b+ c = 0
(
P (2) = 0

)

⇐⇒

{
a+ b+ c = 0

3a+ b = 0
(
❊q2 − ❊q1

)

⇐⇒

{
b = −3a

c = −a− b = 2a

❚❤✉s✱ Ker(f) =
{
a(X2 − 3X + 2), a ∈ R

}
= Span

(
X2 − 3X + 2

)
✳

❙✐♥❝❡ t❤❡ ❢❛♠✐❧②
(
X2 − 3X + 2

)
✐s ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✐s ❛ ❜❛s✐s ♦❢ Ker(f)✳

✷✳ ❋✐♥❞ t❤❡ r❛♥❦ ♦❢ f ✱ t❤❡♥ Im(f)✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❛♥❦✲♥✉❧❧✐t② t❤❡♦r❡♠✿ dim
(
R2[X]

)
= dim

(
Ker(f)

)
+ dim

(
Im(f)

)
✳

❚❤✉s✱ r❛♥❦(f) = dim
(
Im(f)

)
= 3− 1 = 2✳

❲❡ ❤❡♥❝❡ ❣❡t✿ Im(f) ⊂ R2 ❛♥❞ dim
(
Im(f)

)
= dim

(
R2

)
=⇒ Im(f) = R2✳

✸✳ ■♥ R2[X]✱ ❝♦♥s✐❞❡r t❤❡ ♣♦❧②♥♦♠✐❛❧s P1 = −X + 2 ❛♥❞ P2 = X − 1✳ ❈♦♠♣✉t❡ Pi(1) ❛♥❞ Pi(2) ❢♦r i ∈ {1, 2}✳

P1(1) = 1✱ P1(2) = 0 ❛♥❞ P2(1) = 0✱ P2(2) = 1✳

✹✳ ❋✐♥❞ ❛ ❜❛s✐s B ♦❢ R2[X] s✉❝❤ t❤❛t t❤❡ ♠❛tr✐① ♦❢ f ✐♥ t❤✐s ❜❛s✐s B ❛s ✐♥♣✉t ❜❛s✐s ❛♥❞ ✐♥ t❤❡ st❛♥❞❛r❞ ♦✉t♣✉t ❜❛s✐s ✐s

A =

(
1 0 0

0 1 0

)

✳

❈♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② B =
(
P1, P2, P3=X2 − 3X + 2

)
✳ ❚❤✐s ❢❛♠✐❧② ✐s ❛ ❜❛s✐s ♦❢ R2[X]✳ ❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ q✉❡st✐♦♥s ✶

❛♥❞ ✸✱

f(P1) = (1, 0), f(P2) = (0, 1) ❛♥❞ f(P3) = (0, 0)

❚❤❡ ♠❛tr✐① ♦❢ f ✐♥ t❤✐s ❜❛s✐s B ❛s ✐♥♣✉t ❛♥❞ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ❛s ♦✉t♣✉t ✐s ❤❡♥❝❡ t❤❡ r❡q✉✐r❡❞ A ♠❛tr✐①✳

✺✳ ❋✐♥❞ t❤❡ s❡t S ♦❢ ❛❧❧ t❤❡ ♣♦❧②♥♦♠✐❛❧s P ∈ R2[X] s✉❝❤ t❤❛t f(P ) = (42, 1)✳

▲❡t ✉s ❡①♣r❡ss P ✐♥ ❜❛s✐s B✿ P = aP1 + bP2 + cP3 ✇❤❡r❡ (a, b, c) ∈ R3✳

❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ f(P ) ✐♥ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ R2 ❛r❡ ❣✐✈❡♥ ❜②

(
1 0 0

0 1 0

)




a

b

c



 =

(
a

b

)

❚❤✉s✒ f(P ) = (a, b)✳ ■t r❡s✉❧ts t❤❛t✿

S = {aP1 + bP2 + cP3 s✉❝❤ t❤❛t a = 42 ❛♥❞ b = 1} = {42P1 + P2 + cP3, c ∈ R} = {−41X + 83 + cP3, c ∈ R}

❊①❡r❝✐s❡ ✸ ✭✽ ♣♦✐♥ts✮

❈♦♥s✐❞❡r t❤❡ ♠❛tr✐❝❡s A =





−1 −1 −2

2 2 2

2 1 3



 ❛♥❞ B =





−4 −2 4

−6 −5 8

−6 −4 7



✳

✶✳ ❈♦♠♣✉t❡ ✐♥ ❢❛❝t♦r✐③❡❞ ❢♦r♠ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧s ♦❢ A ❛♥❞ B✳ ❈❤❡❝❦ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A ❛r❡ 1 ❛♥❞ 2✱

❛♥❞ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ B ❛r❡ 0 ❛♥❞ −1✳

PA[X] =

∣
∣
∣
∣
∣
∣

−1−X −1 −2

2 2−X 2

2 1 3−X

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1−X −1 −2

0 2−X 2

−1 +X 1 3−X

∣
∣
∣
∣
∣
∣

(C1 ← C1 − C3)

=

∣
∣
∣
∣
∣
∣

1−X −1 −2

0 2−X 2

0 0 1−X

∣
∣
∣
∣
∣
∣

(R3 ← R3 +R1)

= (1−X)2(2−X)

✷
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❋✉rt❤❡r♠♦r❡✱

PB [X] =

∣
∣
∣
∣
∣
∣

−4−X −2 4

−6 −5−X 8

−6 −4 7−X

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

−4−X −2 4

−6 −5−X 8

0 1 +X −1−X

∣
∣
∣
∣
∣
∣

(R3 ← R3 −R2)

=

∣
∣
∣
∣
∣
∣

−4−X 2 4

−6 3−X 8

0 0 −1−X

∣
∣
∣
∣
∣
∣

(C2 ← C2 + C3)

= (−1−X)

∣
∣
∣
∣

−4−X 2

−6 3−X

∣
∣
∣
∣

❍❡♥❝❡✱ PB(X) = (−1−X)
[
(−4−X)(3−X) + 12

]
= −(1 +X)

[
X2 +X

]
= −X(X + 1)2✳

✷✳ ❆r❡ ♠❛tr✐❝❡s A ❛♥❞ B ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ✐♥ M3(R)❄ ■❢ t❤❡② ❛r❡✱ ✜♥❞ P ❛♥❞ D✳

❇❡ ❛❝❝✉r❛t❡ ✐♥ ②♦✉r r❡❞❛❝t✐♦♥✳

▼❛tr✐① A✿ PA ✐s s♣❧✐t✱ ❙♣(A) = {1, 2} ✇✐t❤ m(1) = 2 ❛♥❞ m(2) = 1✳ ❚❤✉s✱ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ dim(E1) = 2✳

E1 =






(x, y, z) ∈ R3,

∣
∣
∣
∣
∣
∣

−2x− y − 2z = 0

2x+ y + 2z = 0

2x+ y + 2z = 0







=
{
(x, y, z) ∈ R3, y = −2x− 2z

}

=
{
(x,−2x− 2z, z), (x, z) ∈ R2

}

=
{
x(1,−2, 0) + z(0,−2, 1), (x, z) ∈ R2

}
= Span

(
(1,−2, 0), (0,−2, 1)

)

❍❡♥❝❡✱ dim(E1) = 2 ❛♥❞ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

E2 =






(x, y, z) ∈ R3,

∣
∣
∣
∣
∣
∣

−3x− y − 2z = 0

2x+ 2z = 0

2x+ y + z = 0







=






(x, y, z) ∈ R3,

∣
∣
∣
∣
∣
∣

−3x− y − 2z = 0

2x+ 2z = 0

−x− z = 0 (❊q3 ← ❊q3 + ❊q1)







=

{

(x, y, z) ∈ R3,

∣
∣
∣
∣

z = −x

y = −3x− 2z = −x

}

=
{
x(1,−1,−1), x ∈ R

}
= Span

(
(1,−1,−1)

)

❋✐♥❛❧❧②✱ P =





1 0 1

−2 −2 −1

0 1 −1



 ❛♥❞ D =





1 0 0

0 1 0

0 0 2



✳

▼❛tr✐① B✿ PB ✐s s♣❧✐t✱ ❙♣(A) = {0,−1} ✇✐t❤ m(−1) = 2 ❛♥❞ m(0) = 1✳ ❚❤✉s✱ B ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

dim(E−1) = 2✳

E−1 =






(x, y, z) ∈ R3,

∣
∣
∣
∣
∣
∣

−3x− 2y + 4z = 0

−6x− 4y + 8z = 0

−6x− 4y + 8z = 0







=
{
(x, y, z) ∈ R3, y = − 3

2x+ 2z
}

=
{
(x,− 3

2x+ 2z, z), (x, z) ∈ R2
}

=
{
x(1,−3/2, 0) + z(0, 2, 1), (x, z) ∈ R2

}
= Span

(
(1,−3/2, 0), (0, 2, 1)

)

❍❡♥❝❡✱ dim(E−1) = 2 ❛♥❞ B ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

✸
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❊♣✐t❛

E0 =






(x, y, z) ∈ R3,

∣
∣
∣
∣
∣
∣

−4x− 2y + 4z = 0

−6x− 5y + 8z = 0

−6x− 4y + 7z = 0







=






(x, y, z) ∈ R3,

∣
∣
∣
∣
∣
∣

y − z = 0 (❊q1 ←
3
2❊q1 − ❊q3)

y − z = 0 (❊q2 ← ❊q3 − ❊q2)

−6x− 4y + 7z = 0







=

{

(x, y, z) ∈ R3,

∣
∣
∣
∣

y = z

6x = 3z

}

=
{
x(1, 2, 2), x ∈ R

}
= Span

(
(1, 2, 2)

)

❋✐♥❛❧❧②✱ P =





1 0 1

−3/2 2 2

0 1 2



 ❛♥❞ D =





−1 0 0

0 −1 0

0 0 0



✳

❊①❡r❝✐s❡ ✹✿ ❛ t❤❡♦r❡♠✬s ♣r♦♦❢ ✭✻✳✺ ♣♦✐♥ts✮

▲❡t E ❜❡ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡✱ F ❛♥❞ G t✇♦ ❧✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ E ♦❢ ♥♦♥✲③❡r♦ ❞✐♠❡♥s✐♦♥s n ❛♥❞ p✳

❈♦♥s✐❞❡r B1 = (e1, · · · , en) ❛ ❜❛s✐s ♦❢ F ❛♥❞ B2 = (ε1, · · · , εp) ❛ ❜❛s✐s ♦❢ G✳

❆ss✉♠❡ t❤❛t t❤❡ ❝♦♥❝❛t❡♥❛t❡❞ ❢❛♠✐❧② B = (e1, · · · , en, ε1, · · · , εp) ✐s ❛ ❜❛s✐s ♦❢ E✳

✶✳ ❲❤❛t ❝❛♥ ❜❡ s❛✐❞ ❛❜♦✉t F ❛♥❞ G ✐♥ t❤✐s ❝❛s❡❄

❚❤❡② ❛r❡ s✉♣♣❧❡♠❡♥t❛r② ✐♥ E✿ E = F ⊕G✳

✷✳ Pr♦✈❡ t❤✐s ♣r♦♣❡rt②✳

❆ss✉♠❡ t❤❛t B = (e1, · · · , en, ε1, · · · , εp) ✐s ❛ ❜❛s✐s ♦❢ E✳ ▲❡t ✉s s❤♦✇ t❤❛t E = F ⊕G✳

✭❛✮ F ∩G = {0E}✳

❚♦ st❛rt ✇✐t❤✱ ✐t ✐s ❡✈✐❞❡♥t t❤❛t {0E} ⊂ F ∩G✳ ■♥❞❡❡❞✱ s✐♥❝❡ F ❛♥❞ G ❛r❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ E✱ t❤❡② ❜♦t❤ ❝♦♥t❛✐♥

t❤❡ ③❡r♦ ✈❡❝t♦r✳

▲❡t ✉s s❤♦✇ t❤❛t F ∩G ⊂ {0E}✿ ❧❡t u ∈ F ∩G✳ ❚❤❡♥✿

u ∈ F

F = Span(B1)

}

=⇒ ∃(a1, · · · , an) ∈ R
n, u = a1e1 + · · ·+ anen

❙✐♠✐❧❛r❧②✱
u ∈ G

G = Span(B2)

}

=⇒ ∃(b1, · · · , bp) ∈ R
p, u = b1ε1 + · · ·+ bpεp

❇② s✉❜str❛❝t✐♥❣ t❤❡s❡ t✇♦ ❡①♣r❡ss✐♦♥s ♦❢ u✱ ✇❡ ❣❡t✿

0E = a1e1 + · · ·+ anen − b1ε1 − · · · − bpεp

❙✐♥❝❡ t❤❡ ❢❛♠✐❧② B ✐s ✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (a1, · · · , an,−b1, · · · ,−bp) = (0, · · · , 0)✳

❚❤✐s ❧❡❛❞s t♦✿ u = a1e1 + · · ·+ anen = 0E ✳

✭❜✮ E = F +G✳

❚♦ st❛rt ✇✐t❤✱ ✐t ✐s ❡✈✐❞❡♥t t❤❛t F +G ⊂ E✿ s✐♥❝❡ F ❛♥❞ G ❛r❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s ♦❢ E✱ F +G ✐s ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢

E t♦♦✳

▲❡t ✉s ♣r♦✈❡ t❤❛t E ⊂ F +G✳ ▲❡t u ∈ E ❛♥❞ ❧❡t✬s s❤♦✇ t❤❛t u ∈ F +G✳

❚❤❡ ❢❛♠✐❧② B ✐s ❛ ❜❛s✐s ♦❢ E✳ ■t ✐s ❤❡♥❝❡ ❛ s♣❛♥♥✐♥❣ ❢❛♠✐❧②✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts (a1, · · · , an, b1, · · · , bp) ∈ Rn+p s✉❝❤

t❤❛t

u = a1e1 + · · ·+ anen + b1ε1 + · · ·+ bpεp

✹
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❚❤❡♥ {
(e1, · · · , en) ∈ Fn =⇒ a1e1 + · · ·+ anen ∈ F

(ε1, · · · , εp) ∈ Gp =⇒ b1ε1 + · · ·+ bpεp ∈ G

❋✐♥❛❧❧②✱

u = a1e1 + · · ·+ anen
︸ ︷︷ ︸

∈F

+ b1ε1 + · · ·+ bpεp
︸ ︷︷ ︸

∈G

=⇒ u ∈ F +G

❊①❡r❝✐s❡ ✺✿ ❜✉✐❧❞✐♥❣ ❛ s②♠♠❡tr② ✭✽ ♣♦✐♥ts✮

▲❡t ✉s ✇♦r❦ ✐♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ E = R3 ❛♥❞ ✐ts st❛♥❞❛r❞ ❜❛s✐s B✳ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s

F = {(x, y, z) ∈ E, x− y + 2z = 0} ❛♥❞ G =

{

(x, y, z) ∈ E,

∣
∣
∣
∣

x+ y + z = 0

x− y + z = 0

}

✶✳ ❋✐♥❞ ❛ ❜❛s✐s ♦❢ F ❛♥❞ ❛ ❜❛s✐s ♦❢ G✳

F =
{
(x, y, z) ∈ R3, y = x+ 2z

}

=
{
(x, x+ 2z, z), (x, z) ∈ R2

}

=
{
x(1, 1, 0) + z(0, 2, 1), (x, z) ∈ R2

}
= Span

(
(1, 1, 0), (0, 2, 1)

)

❚❤❡ ❢❛♠✐❧②
(
(1, 1, 0), (0, 2, 1)

)
✐s ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✐s ❤❡♥❝❡ ❛ ❜❛s✐s ♦❢ F ✳

G =

{

(x, y, z) ∈ R3,

∣
∣
∣
∣

x+ y + z = 0

x− y + z = 0

}

=

{

(x, y, z) ∈ R3,

∣
∣
∣
∣

x+ y + z = 0

2y = 0 (❊q2 ← ❊q1 − ❊q2)

}

=

{

(x, y, z) ∈ R3,

∣
∣
∣
∣

z = −x

y = 0

}

=
{
x(1, 0,−1), x ∈ R

}
= Span

(
(1, 0,−1)

)

❚❤❡ ❢❛♠✐❧②
(
(1, 0,−1)

)
✐s ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✐s ❤❡♥❝❡ ❛ ❜❛s✐s ♦❢ G✳

✷✳ ❙❤♦✇ t❤❛t E = F ⊕G✳

■t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ ❢❛♠✐❧② F =
(
ε1=(1, 1, 0), ε2=(0, 2, 1), ε3=(1, 0,−1)

)
✭t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡s ♦❢

F ❛♥❞ G✮ ✐s ❛ ❜❛s✐s E✳

F ✐s ✐♥❞❡♣❡♥❞❡♥t✿ ❢♦r ❛❧❧ (a, b, c) ∈ R3✱

aε1 + bε2 + cε3 = 0E =⇒







a+ c = 0

a+ 2b = 0

b− c = 0

=⇒







a+ c = 0

2b− c = 0 (❊q2 − ❊q1)

b− c = 0

=⇒







a+ c = 0

2b− c = 0

−b = 0 (❊q3 − ❊q2)

=⇒ a = b = c = 0

F ✐s ❛ s♣❛♥♥✐♥❣ ❢❛♠✐❧②✿

F ✐s ✐♥❞❡♣❡♥❞❡♥t

❈❛r❞(F) = dim(E)

}

=⇒ Span F = E

❚❤✉s✱ E = F ⊕G✳

✸✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s q✉❡st✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛❧❧ u ∈ E✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (v, w) ∈ F×G s✉❝❤ t❤❛t u = v+w✳

❈♦♥s✐❞❡r t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ s : u 7−→ v − w✳

✺
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✭❛✮ ❆ss✉♠❡ t❤❛t u ∈ F ✳ ❲❤❛t ✐s t❤❡ ✈❛❧✉❡ ♦❢ s(u)❄

■❢ u ∈ F ✱ t❤❡♥ u = u
︸︷︷︸

∈F

+ 0E
︸︷︷︸

∈G

=⇒ v = u ❛♥❞ w = 0E ✳

❍❡♥❝❡✱ s(u) = v − w = u− 0E = u✳

✭❜✮ ❆ss✉♠❡ t❤❛t u ∈ G✳ ❲❤❛t ✐s t❤❡ ✈❛❧✉❡ ♦❢ s(u)❄

■❢ u ∈ G✱ t❤❡♥ u = 0E
︸︷︷︸

∈F

+ u
︸︷︷︸

∈G

=⇒ v = 0E ❛♥❞ w = u✳

❍❡♥❝❡ s(u) = v − w = 0E − u = −u✳

✭❝✮ ▲❡t B ′ ❜❡ t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ ❜❛s❡s ♦❢ F ❛♥❞ G t❤❛t ②♦✉ ❣♦t ❛t q✉❡st✐♦♥ ✶✳ ❲❡ ❦♥♦✇ t❤❛t ✐t ✐s ❛ ❜❛s✐s ♦❢ E✳

❲❤❛t ✐s t❤❡ ♠❛tr✐① ♦❢ s ✐♥ ❜❛s✐s B ′ ❛s ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❜❛s✐s✳ ❚❤✐s ♠❛tr✐① ✐s ❞❡♥♦t❡❞ ❜② A′✳

❚❤❡ ❜❛s✐s B ′ ✐s t❤❡ ❢❛♠✐❧② F =
(
ε1=(1, 1, 0), ε2=(0, 2, 1), ε3=(1, 0,−1)

)
❞❡✜♥❡❞ ❛t ♣r❡✈✐♦✉s q✉❡st✐♦♥✳ ❚❤❡♥✿

ε1 ∈ F =⇒ s(ε1) = ε1, ε2 ∈ F =⇒ s(ε2) = ε2 ❛♥❞ ε3 ∈ G =⇒ s(ε3) = −ε3

❲❡ ❤❡♥❝❡ ❣❡t✿ A′ =





1 0 0

0 1 0

0 0 −1





✭❞✮ ▲❡t A ❜❡ t❤❡ ♠❛tr✐① ♦❢ s ✐♥ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ❛s ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❜❛s✐s✳ ❲r✐t❡ t❤❡ ❢♦r♠✉❧❛ ✇❤✐❝❤ ❡♥❛❜❧❡s ♦♥❡ t♦

❝♦♠♣✉t❡ A✳ ❲❡ ❞♦♥✬t ❛s❦ ②♦✉ t♦ ❞♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳

❈♦♥s✐❞❡r t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❢r♦♠ B t♦ B ′✿ P =





1 0 1

1 2 0

0 1 −1



✳

❚❤❡♥ ✇❡ ❦♥♦✇ t❤❛t A′ = P−1AP ✱ ✇❤✐❝❤ ❧❡❛❞s t♦✿ A = PA′P−1✳

❊①❡r❝✐s❡ ✻✿ Pr♦❜❛❜✐❧✐t✐❡s ✭✺ ♣♦✐♥ts✮

▲❡t p ∈ ]0, 1[✳ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇❤✐❝❤ ✐s ❣❡♦♠❡tr✐❝✲❞✐str✐❜✉t❡❞ ✇✐t❤ ♣❛r❛♠❡t❡r p✳

✶✳ ❲r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X✳

X(Ω) = N
∗ ❛♥❞ ∀n ∈ N

∗, P (X=n) = p(1− p)n−1 = pqn−1 ✭s❡tt✐♥❣ q = 1− p✮

✷✳ ▲❡t (k, n) ∈ (N∗)
2
✳

✭❛✮ ❙❤♦✇ t❤❛t P (X>n) = qn ✇❤❡r❡ q = 1− p✳

❍✐♥t✿ ②♦✉ ❝❛♥ st❛rt ❜② ✇r✐t✐♥❣ P (X>n) =

+∞∑

k=n+1

P (X=k) ♦r✱ ❛❧t❡r♥❛t✐✈❡❧②✱ P (X>n) = 1−

n∑

k=1

P (X=k)✳

P (X>n) =
+∞∑

k=n+1

P (X=k) =
+∞∑

k=n+1

pqk−1 = pqn
+∞∑

m=0

qm ❜② s❡tt✐♥❣ m = k − 1− n

❚❤✉s✱

P (X>n) = pqn ×
1

1− q
= qn s✐♥❝❡ 1− q = p

✭❜✮ ❊①♣❧❛✐♥ ✇❤② P (X=n+k ∩ X>n) = P (X=n+k)✳

■❢ t❤❡ ♣r♦♣❡rt② ✧X=n+k✧ ✐s tr✉❡✱ t❤❡♥ t❤❡ ♣r♦♣❡rt② ✧X>n✧ ✐s ❛❧s♦ tr✉❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ✇❡ ❞❡✜♥❡ t❤❡ s❡ts✿

A = {ω ∈ Ω, X(ω) = n+ k} ❛♥❞ B = {ω ∈ Ω, X(ω) > n}

t❤❡♥✿ A ⊂ B =⇒ A ∩B = A =⇒ P (A ∩B) = P (A)✳

✻



▼❛t❤❡♠❛t✐❝s

❋✐♥❛❧ ❡①❛♠ ❙✸ ✲ ❈♦rr❡❝t✐♦♥ ✕ ❉❡❝❡♠❜❡r ✷✵✷✷
❙✸ ✷✵✷✷

❊♣✐t❛

✭❝✮ ❈♦♠♣✉t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② P (X=n+k | X>n)✳ ❈♦♠♣❛r❡ ②♦✉r r❡s✉❧t ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ P (X=k)✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t②✱ P (X=n+k | X>n) =
P (X=n+k ∩ X>n)

P (X>n)

❚❤✉s✱ ✉s✐♥❣ q✉❡st✐♦♥s ✷✳❛ ❛♥❞ ✷✳❜✳✱

P (X=n+k | X>n) =
P (X=n+k)

qn
=

pqn+k−1

qn
= pqk−1

❲❡ ❝❛♥ s❡❡ t❤❛t P (X=n+k | X>n) = P (X=k)✳

✭❞✮ ❊①♣❧❛✐♥ ✇❤② ✇❡ s❛② t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ✐s ✧♠❡♠♦r②❧❡ss✧✳

▲❡t ✉s r❡❢❡r t♦ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❤❛❝❦❡r s❡♥❞✐♥❣ ♣❤✐s❤✐♥❣ ❡♠❛✐❧s t♦ ❣❡t ❱✐s❛ ❝❛r❞ ♥✉♠❜❡rs✱ ✇❤❡r❡ X ✐s t❤❡ ♥✉♠❜❡r

♦❢ ♠❡ss❛❣❡s ❤❡ s❡♥❞s ❜❡❢♦r❡ ❣❡tt✐♥❣ ❛ ✜rst ❛♥s✇❡r✳

■❢✱ ❛❢t❡r s❡♥❞✐♥❣ n ♠❡ss❛❣❡s✱ ❤❡ st✐❧❧ ❣♦t ♥♦ ❛♥s✇❡rs✱ ✇❡ ❦♥♦✇ t❤❛t X>n✳ ❚❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❣❡tt✐♥❣ ❤✐s ✜rst

❛♥s✇❡r ❛t t❤❡ kt❤ ♥❡①t ♠❡ss❛❣❡ ✐s P (X=n+k | X>n)✳

❨❡t✱ t❤✐s ♣r♦❜❛❜✐❧✐t② ✐s t❤❡ s❛♠❡ ❛s P (X=k)✳ ❚❤❛t ✐s t♦ s❛②✱ t❤❡ ❢❛❝t t❤❛t ❤❡ ❤❛❞ ♥♦ ❛♥s✇❡rs ❛t ❤✐s ✜rst n ♠❡ss❛❣❡s

❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❤❛❝❦❡r✬s s✐t✉❛t✐♦♥✿ ✐t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ✐♥✐t✐❛❧ s✐t✉❛t✐♦♥✳

✸✳ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y s✉❝❤ t❤❛t

Y (Ω) = N
∗ ❛♥❞ ∀(k, n) ∈ (N∗)

2
, P (Y=n+k | Y >n) = P (Y=k)

▲❡t (pn) ❜❡ t❤❡ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❢♦r ❛❧❧ n ∈ N∗ ❜②✿ pn = P (Y=n)✳

✭❛✮ ❊①♣r❡ss P (Y >1) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ p1✳

❙✐♥❝❡ Y (Ω) = N∗✱ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ✧Y >1✧ ✐s ✧Y=1✧✳ ❍❡♥❝❡✱ P (Y >1) = 1− P (Y=1) = 1− p1✳

✭❜✮ ❇② ✉s✐♥❣ t❤❡ ❡✈❡♥ts ✧Y >1✧✱ ✧Y=1✧ ❛♥❞ ✧Y=2✧✱ ❡①♣r❡ss
p2
p1

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ p1✳

❇② ✇r✐t✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ✐♥ t❤❡ ❝❛s❡ k = n = 1✱ ✇❡ ❣❡t✿

P (Y=1+1 ∩ Y >1)

P (Y >1)
= P (Y=1) =⇒

p2
1− p1

= p1 =⇒
p2
p1

= 1− p1

✭❝✮ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛❧❧ n ∈ N∗✱ ❜② ✉s✐♥❣ t❤❡ ❡✈❡♥ts ✧Y >1✧✱ ✧Y=n✧ ❛♥❞ ✧Y=n+ 1✧✱ ✜♥❞ ❛ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥ ♦❢
pn+1

pn
✳

❯s✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s✱ ✇❡ ❣❡t✿

P (Y=1+n ∩ Y >1)

P (Y >1)
= P (Y=n) =⇒

pn+1

1− p1
= pn =⇒

pn+1

pn
= 1− p1

✭❞✮ ❉❡❞✉❝❡ t❤❡ ✈❛❧✉❡ ♦❢ pn ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n✳ ❍♦✇ ❞♦ ✇❡ ❝❛❧❧ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ❄

❚❤❡ s❡q✉❡♥❝❡ (pn) ✐s ❛ ❣❡♦♠❡tr✐❝ s❡q✉❡♥❝❡ ✇✐t❤ ❝♦♠♠♦♥ r❛t✐♦ 1− p1✳ ❚❤✉s✱ ❢♦r ❛❧❧ n ∈ N∗✱

pn = p1(1− p1)
n−1

❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ✐s ❤❡♥❝❡ ❣❡♦♠❡tr✐❝✲❞✐str✐❜✉t❡❞ ✇✐t❤ ♣❛r❛♠❡t❡r p1✳

❚❤❡ ♦♥❧② ✧♠❡♠♦r②❧❡ss✧ ❞✐str✐❜✉t✐♦♥s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s t❛❦✐♥❣ t❤❡✐r ✈❛❧✉❡s ✐♥ N∗ ❛r❡ t❤❡ ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥s✳

✼


