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Correction of final exam 1

Exercise 1 (5 points)

1. Let (up) = <E;2;)

una _ ((n+ 1)) L Bt (n+1)? B n+1 0o
up  (3n+3) T ()2 Bn+1)Bn+2)Bn+3)  3@Bn+1)(3n+2) notoo '

So > u,, is convergent according to the d’Alembert’s rule.

2. Let (v,) = (EZB)')
vapr (DN (k) (n + 1) 1o,

ve (Kt D)L ()2 (knt (kn+2) .. (kn+ k) 4o BF

n 1 .
Ifk=2 Untl —+> 1 < 150 ) v, converges according to the d’Alembert’s rule.
Uy, n—+oo

v .
S 40 <150 Y v, converges according to the d’Alembert’s rule.
Vp n—too

If k> 2

Ifk <2, Untt +00 80 Y v, diverges according to the d’Alembert’s rule.
Un, n—-+oo

s st~ () )

W/ W, = ( n )” _ efnln(lJra/n) _ efn(a/n+o(1/n)) — efa+o(1) v ea,
nta n—-+oo

Ifem* <1lie.a>0,> w, converges according to the Cauchy’s rule.
Ifem®>1lie. a<0, > w, diverges according to the Cauchy’s rule.

If e=®=11ie. a =0, then (w,) = (1) which does no tend to 0 so > w, is divergent.

Exercise 2 (4 points)

Via the transformations C; +— Cy + Cy + C3 then Lo «— Lo — Ly and L3 «— L3 — Ly, we find that
Py X)=@B-X)(X+1)(X+3).

So Py is split in R and Spg(A4) = {3, -1, —3} with m(3) = m(—1) = m(—3) = 1. Thus, A is diagonalizable.

T —3x+3y=0
Es = y | € R® such that |  — 5y +42 =0
z r+y—22z=0
= Span 1
T rz+3y=0
E_, = y | €R3suchthat | z —y+42=0
z r+y+2z=0
-3
= Span 1
1
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X
E 3 = y | € R? such that 3¢+ 3y =0
. r+y+42=0
1
= Span -1
0
3 0 0 -3 1
So we have D = P~1AP with D = 0 -1 0 and P = 1 1 -1
0o 0 -3 1 1 0

Via the transformations C; +— C; — Cy and Ly <— Lo + L1, we find that Pp(X) = (1 — X)(X +1)%
So Pg is split in R and Spr(B) = {1, -1} with m(—1) = 2 and m(1) = 1.
m(1l) =1 so dim(Ey) = 1.

r—y=20
E, = y € R3 such that r+3y—42=0
z r+y—22=0
1
= Span 1
1

dim(E_1) =1%# 2 =m(—1). Therefore, B is not diagonalizable.

Exercise 3 (4 points)

Via the transformations C; +— C7 + Cy + C5 then Ly +— Lo — Ly and L3 «— L3z — Ly, we find that
Py(X)=—(X+1)(X +2)%

So Py is split in R and Spr(A4) = {—1, -2} with m(—2) =2 and m(-1) = 1.

Thus, A is diagonalizable iff dim(E_5) = 2.

8

—x+y=0
E, = R? such that |
2 Z € such tha (a—3)z+2y+(1—a)z=0
x =y
= R? such that | °
Z € such tha (a—Dx=(a—1)z
1 0
Ifa=1, F_ 5 = Span 1 , 10 and A is diagonalizable.
0 1
1
Ifa#1, E_5 = Span 1 and A is not diagonalizable.
1

Exercise 4 (4 points)

1. a. Wehave f(1) =3X; f(X) =2X2+1; f(X?) = X3+ 2X et f(X3) = 3X?, which leads to

0100
3020
0010
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b. The determinant of this matrix is equal to 9. Thus, it is invertible and the map f is bijective.

= (2 )(48)- (5 82 )= (2 )

= (2 8) (5 0)-(0 ) (2 5)= (5 0" et tam i
f(E21)—<ZL Z)(? 8)(? 8)(2 Z>_(dba Ob>_bE11+(da)E21bE22.
a b 0 0 0 0 a b 0 b
f(E”):(c d)(o 1>_<0 1)(c d)z(—c o)zbEm_CEm'
This leads to
0 —c b 0
Mat 5(f) — b a—d 0 b

Exercise 5 (4 points)

We find immediately that P4(X) = (1 — X)(2 — X)3.
P, is split in R and Spg(A) = {1, 2} with m(2) = 3 and m(1) = 1.
Thus, A is diagonalizable iff the dimension of Fs is 3.

:c —x+ay+bz+ct=0
E, = Y | e R* such that dz+et=0

z

; ft=0

o If f # 0, we have t = 0, then dz = 0.

a
o If d # 0, then z = 0 and = = ay. So F, = Span (1) and A is not diagonalizable.
0
a b
1 0 . . .
e If d =0, then = = ay + bz. So E> = Span 0 , 1 and A is not diagonalizable.
0 0
o If f =0, then dz 4+ et = 0.
e If e =0, then dz =0
a b c
1 0 0 . .
o If d =0, we have x = ay + bz + c¢t. So Fy = Span 0 , 1 o and A is diagonalizable.
0 0 1
a c
1 0 . . .
e If d #0, then 2z =0 and x = ay + ct. We find E5 = Span 0 o and A is not diagonalizable.
0 1
a b—cdfe
d d
oIfe;éO,thent:—zandx:ay+(b—0)z. So E> = Span (1) , (1) and A is not
e e
0 —d/e

diagonalizable.

Conclusion : A is diagonalizable iff d = e = f = 0.



