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❊♣✐t❛
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✶✳ ▲❡t (un) =

(

(n!)2

(3n)!

)

✳

un+1

un
=

(

(n+ 1)!
)2

(

3n+ 3
)

!
× (3n)!

(n!)2
=

(n+ 1)2

(3n+ 1)(3n+ 2)(3n+ 3)
=

n+ 1

3(3n+ 1)(3n+ 2)
−−−−−→
n→+∞

0 < 1✳

❙♦
∑

un ✐s ❝♦♥✈❡r❣❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✬❆❧❡♠❜❡rt✬s r✉❧❡✳

✷✳ ▲❡t (vn) =

(

(n!)2

(kn)!

)

✳

vn+1

vn
=

(

(n+ 1)!
)2

(

k(n+ 1)
)

!
× (kn)!

(n!)2
=

(n+ 1)2

(kn+ 1)(kn+ 2) . . . (kn+ k)
∼
+∞

1

kk
n2−k✳

■❢ k = 2✱
vn+1

vn
−−−−−→
n→+∞

1

4
< 1 s♦

∑

vn ❝♦♥✈❡r❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✬❆❧❡♠❜❡rt✬s r✉❧❡✳

■❢ k > 2✱
vn+1

vn
−−−−−→
n→+∞

0 < 1 s♦
∑

vn ❝♦♥✈❡r❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✬❆❧❡♠❜❡rt✬s r✉❧❡✳

■❢ k < 2✱
vn+1

vn
−−−−−→
n→+∞

+∞ s♦
∑

vn ❞✐✈❡r❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✬❆❧❡♠❜❡rt✬s r✉❧❡✳

✸✳ ▲❡t (wn) =

(

(

n

n+ a

)n2
)

✳

n

√
wn =

(

n
n+a

)n

= e−n ln(1+a/n) = e−n(a/n+o(1/n)) = e−a+o(1) −−−−−→
n→+∞

e−a✳

■❢ e−a < 1 ✐✳❡✳ a > 0✱
∑

wn ❝♦♥✈❡r❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈❛✉❝❤②✬s r✉❧❡✳

■❢ e−a > 1 ✐✳❡✳ a < 0✱
∑

wn ❞✐✈❡r❣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❈❛✉❝❤②✬s r✉❧❡✳

■❢ e−a = 1 ✐✳❡✳ a = 0✱ t❤❡♥ (wn) = (1) ✇❤✐❝❤ ❞♦❡s ♥♦ t❡♥❞ t♦ ✵ s♦
∑

wn ✐s ❞✐✈❡r❣❡♥t✳

❊①❡r❝✐s❡ ✷ ✭✹ ♣♦✐♥ts✮

❱✐❛ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s C1 ←− C1 + C2 + C3 t❤❡♥ L2 ←− L2 − L1 ❛♥❞ L3 ←− L3 − L1✱ ✇❡ ✜♥❞ t❤❛t

PA(X) = (3−X)(X + 1)(X + 3)✳

❙♦ PA ✐s s♣❧✐t ✐♥ R ❛♥❞ ❙♣R(A) = {3,−1,−3} ✇✐t❤ m(3) = m(−1) = m(−3) = 1✳ ❚❤✉s✱ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

E3 =











x

y

z



 ∈ R
3 s✉❝❤ t❤❛t

∣

∣

∣

∣

∣

∣

−3x+ 3y = 0

x− 5y + 4z = 0

x+ y − 2z = 0







= ❙♣❛♥











1

1

1











E−1 =











x

y

z



 ∈ R
3 s✉❝❤ t❤❛t

∣

∣

∣

∣

∣

∣

x+ 3y = 0

x− y + 4z = 0

x+ y + 2z = 0







= ❙♣❛♥











−3
1

1











✶
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❊♣✐t❛

E−3 =











x

y

z



 ∈ R
3 s✉❝❤ t❤❛t

∣

∣

∣

∣

3x+ 3y = 0

x+ y + 4z = 0







= ❙♣❛♥











1

−1
0











❙♦ ✇❡ ❤❛✈❡ D = P−1AP ✇✐t❤ D =





3 0 0

0 −1 0

0 0 −3



 ❛♥❞ P =





1 −3 1

1 1 −1
1 1 0



✳

❱✐❛ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s C1 ←− C1 − C2 ❛♥❞ L2 ←− L2 + L1✱ ✇❡ ✜♥❞ t❤❛t PB(X) = (1−X)(X + 1)2✳

❙♦ PB ✐s s♣❧✐t ✐♥ R ❛♥❞ ❙♣R(B) = {1,−1} ✇✐t❤ m(−1) = 2 ❛♥❞ m(1) = 1✳

m(1) = 1 s♦ ❞✐♠(E1) = 1✳

E−1 =











x

y

z



 ∈ R
3 s✉❝❤ t❤❛t

∣

∣

∣

∣

∣

∣

x− y = 0

x+ 3y − 4z = 0

x+ y − 2z = 0







= ❙♣❛♥











1

1

1











❞✐♠(E−1) = 1 6= 2 = m(−1)✳ ❚❤❡r❡❢♦r❡✱ B ✐s ♥♦t ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

❊①❡r❝✐s❡ ✸ ✭✹ ♣♦✐♥ts✮

❱✐❛ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s C1 ←− C1 + C2 + C3 t❤❡♥ L2 ←− L2 − L1 ❛♥❞ L3 ←− L3 − L1✱ ✇❡ ✜♥❞ t❤❛t

PA(X) = −(X + 1)(X + 2)2✳

❙♦ PA ✐s s♣❧✐t ✐♥ R ❛♥❞ ❙♣
R
(A) = {−1,−2} ✇✐t❤ m(−2) = 2 ❛♥❞ m(−1) = 1✳

❚❤✉s✱ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ✐✛ ❞✐♠(E−2) = 2✳

E−2 =











x

y

z



 ∈ R
3 s✉❝❤ t❤❛t

∣

∣

∣

∣

−x+ y = 0

(a− 3)x+ 2y + (1− a)z = 0







=











x

y

z



 ∈ R
3 s✉❝❤ t❤❛t

∣

∣

∣

∣

x = y

(a− 1)x = (a− 1)z







■❢ a = 1✱ E−2 = ❙♣❛♥











1

1

0



 ,





0

0

1











❛♥❞ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

■❢ a 6= 1✱ E−2 = ❙♣❛♥











1

1

1











❛♥❞ A ✐s ♥♦t ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

❊①❡r❝✐s❡ ✹ ✭✹ ♣♦✐♥ts✮

✶✳ ❛✳ ❲❡ ❤❛✈❡ f(1) = 3X ❀ f(X) = 2X2 + 1 ❀ f(X2) = X3 + 2X ❡t f(X3) = 3X2✱ ✇❤✐❝❤ ❧❡❛❞s t♦

▼❛tB(f) =









0 1 0 0

3 0 2 0

0 2 0 3

0 0 1 0









✷
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❊♣✐t❛

❜✳ ❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤✐s ♠❛tr✐① ✐s ❡q✉❛❧ t♦ ✾✳ ❚❤✉s✱ ✐t ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ t❤❡ ♠❛♣ f ✐s ❜✐❥❡❝t✐✈❡✳

✷✳ f(E11) =

(

a b

c d

)(

1 0

0 0

)

−
(

1 0

0 0

)(

a b

c d

)

=

(

0 −b
c 0

)

= −bE12 + cE21✳

f(E12) =

(

a b

c d

)(

0 1

0 0

)

−
(

0 1

0 0

)(

a b

c d

)

=

(

−c a− d

0 c

)

= −cE11 + (a− d)E12 + cE22✳

f(E21) =

(

a b

c d

)(

0 0

1 0

)

−
(

0 0

1 0

)(

a b

c d

)

=

(

b 0

d− a −b

)

= bE11 + (d− a)E21 − bE22✳

f(E22) =

(

a b

c d

)(

0 0

0 1

)

−
(

0 0

0 1

)(

a b

c d

)

=

(

0 b

−c 0

)

= bE12 − cE21✳

❚❤✐s ❧❡❛❞s t♦

▼❛tB(f) =









0 −c b 0

−b a− d 0 b

c 0 d− a −c
0 c −b 0









❊①❡r❝✐s❡ ✺ ✭✹ ♣♦✐♥ts✮

❲❡ ✜♥❞ ✐♠♠❡❞✐❛t❡❧② t❤❛t PA(X) = (1−X)(2−X)3✳

PA ✐s s♣❧✐t ✐♥ R ❛♥❞ ❙♣
R
(A) = {1, 2} ✇✐t❤ m(2) = 3 ❛♥❞ m(1) = 1✳

❚❤✉s✱ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ✐✛ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ E2 ✐s ✸✳

E2 =























x

y

z

t









∈ R
4 s✉❝❤ t❤❛t

∣

∣

∣

∣

∣

∣

−x+ ay + bz + ct = 0

dz + et = 0

ft = 0















• ■❢ f 6= 0✱ ✇❡ ❤❛✈❡ t = 0✱ t❤❡♥ dz = 0✳

• ■❢ d 6= 0✱ t❤❡♥ z = 0 ❛♥❞ x = ay✳ ❙♦ E2 = ❙♣❛♥























a

1

0

0























❛♥❞ A ✐s ♥♦t ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

• ■❢ d = 0✱ t❤❡♥ x = ay + bz✳ ❙♦ E2 = ❙♣❛♥























a

1

0

0









,









b

0

1

0























❛♥❞ A ✐s ♥♦t ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

• ■❢ f = 0✱ t❤❡♥ dz + et = 0✳

• ■❢ e = 0✱ t❤❡♥ dz = 0

• ■❢ d = 0✱ ✇❡ ❤❛✈❡ x = ay + bz + ct✳ ❙♦ E2 = ❙♣❛♥























a

1

0

0









,









b

0

1

0









,









c

0

0

1























❛♥❞ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

• ■❢ d 6= 0✱ t❤❡♥ z = 0 ❛♥❞ x = ay+ ct✳ ❲❡ ✜♥❞ E2 = ❙♣❛♥























a

1

0

0









,









c

0

0

1























❛♥❞ A ✐s ♥♦t ❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

• ■❢ e 6= 0✱ t❤❡♥ t = −d

e
z ❛♥❞ x = ay +

(

b− cd

e

)

z✳ ❙♦ E2 = ❙♣❛♥























a

1

0

0









,









b− cd/e

0

1

−d/e























❛♥❞ A ✐s ♥♦t

❞✐❛❣♦♥❛❧✐③❛❜❧❡✳

❈♦♥❝❧✉s✐♦♥ ✿ A ✐s ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ✐✛ d = e = f = 0✳

✸


