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Correction of final exam n°1

Exercise 1 (5 points)
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As 3 <1, > u, converges via D’Alembert’s test (ratio test).

1/n el/nln(n)

2. {/on = In(n) - In(n)

n—-+oo

As 0 <1, > v, converges via Cauchy’s test (root test).

Exercise 2 (4 points)

After developing with respect to the second column, we directly get that
PaX)=2-X)(1-X)*—-4)=(2-X)(X -3)(X +1)

Thus Py, is split over R and Spg(A) = {2,3,—1} with m(2) = m(3) = m(—1) = 1, therefore A is diagonalizable.

T

By = y | € R3 such that —r 22 =0
20 — 2 =0
z
0
= Span 1
0
T —2x+22=0
Es = y | € R® such that | —y =0
z 20 —2z2=0
1
= Span 0
1
x
E, = y | € R? such that 20 +22=0
3y=20
z
1
= Span 0
-1
2 0 O 01 1
Thus D =P 'APwithD=| 0 3 0 and P={( 1 0 0
0 0 -1 01 -1

Via the transformations C; +— C; + Cy then Ly +— Ly — Ly, we find that Pg(X) = —(2 — X)?(X + 4).
Thus Pg is split over R and Spg(B) = {2, —4} with m(2) = 2 and m(—4) = 1.
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m(—4) = 1 thus dim(E_4) = 1.

T z—y+2=0
E, = y | €eR®suchthat | 7o — 7Ty +2=0
z 6x — 6y =0
1
= Vect 1
0

dim(F3) =1# 2 =m(2) thus B is not diagonalizable.

Exercise 3 (3,5 points)
1. Via the transformations C; «— Cy + Cs then Ly «— Lo — Ly, we get P4(X) = (1 - X)(2 - X)(a — X).
2. o If a ¢ {1,2}, then A admits 3 distinct eigenvalues, thus A is diagonalizable.

e If a =1, then P4(X) = (1 — X)?(2 — X). Thus P4 is split over R and Spg(A) = {1,2} with m(1) = 2 and
m(2) = 1.

Thus A is diagonalizable iff dim(E;) = 2.

x z=0
E, = y | €R3suchthat | —z+y+2=0
z r—y=20
1
= Span 1
0

Thus dim(F;) = 1 # 2, therefore A is not diagonalizable.

e if a =2, then P4(X) = (1 — X)(2 — X)2. Thus P4 is split over R and Spg(A) = {1,2} with m(1) = 1 and
m(2) = 2.

Thus A is diagonalisable iff dim(F5) = 2.

x
E, = y | € R®such that —x+2=0
z
1 0
= Span 0 , 1
1 0

thus dim(Fs) = 2, therefore A is diagonalizable.

Exercise 4 (3,5 points)

1 8
Las (1Y)

2. P4(X) = (X 4 1)(X —5) thus the characteristic polynomial of A is split over R, Spr(A) = {—1,5} with

m(—1) = m(5) = 1, therefore A is diagonalizable.

then 21— sy { ()} ant s (2}

-1 0 —4 2
_ p-1 i — =
Thus D =P APWIthD—( 0 5)andP—( ] 1).
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3. Thus, X'(t) = PDP~1X(t). By setting Y (t) = P~1X(t) we get that
P71X'(t) = DP71X (1)
, that is to say Y'(t) = DY (t).
yi(t)

y2(t)
thus y1(t) = Cie™? and y2(t) = C2e® where (C1,Cs) € R2.

So, with Y(¢) = ( >, we get y1(t) = —y1(t) and y5(t) = 5y2(¢)

— —t 5t
Therefore : X(t) = PY (t) = < 4C1e™" + 2Cqe >

6’1671f + Cg€5t

Thus z(t) = —4C1e! + 2C2e5 and y(t) = Cre™t + Cae®.

Exercise 5 (3 points)

1 f(Ell):(ll (2)><(1) 8):<11 8>:—E11+E21
f(E12)=(_11 3)(8 (1))2(8 _11>=—E12+E22
f(E21):(_11 3)(? 8)=<§ 8)=2E11
f(E22)=(_11 3)(8 (1)):(8 §)=2E12

-1 0 2 0
Thus Matg(f) = (1) _01 8 (2)
0 1 0 0

2. A(E11) = X%; A(Byp) = X; A(Ey) = X — 1 and A(Eg) = X2 + 1.

o = O

0
Hence, the matrix of Awith respect to the standard bases is ( 0
1

-1
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ay ar a1
ay ag a9
ay az as
Let us denote A =
ayp az ag
a1 a1 a1
0 s — a1 az —ajp
0 0 az — ag
A =
0 0

= al(ag — al)...(an —

anfl)

ay
ag
as

Qn

ai

az — ay

as — az

Ap — Ap-1

Ly <+ Ly, —L,_

Lo+ Ly — 14



