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Solution 1 (Warshall - Union-Find – 4 points)

Figure 1: Graph G used

1. The adjacency matrix of G∗ the transitive closure of G (no value = false, 1 = true):

0 1 2 3 4 5 6 7 8 9

0 1 1 1 1
1 1 1 1 1
2 1 1 1 1
3 1 1 1 1
4 1 1
5 1 1 1 1
6 1 1 1 1
7 1 1 1 1
8 1 1 1 1
9 1 1

2. X: Valid vectors. Otherwise the values that are not correct are highlighted .

P1X
0 1 2 3 4 5 6 7 8 9

-4 -4 0 1 9 0 0 1 1 -2

P2

0 1 2 3 4 5 6 7 8 9

2 -1 -1 1 -1 0 2 8 3 4

P3X
0 1 2 3 4 5 6 7 8 9

2 7 -4 1 9 2 2 -4 7 -2

P4

0 1 2 3 4 5 6 7 8 9

-2 3 5 -4 -4 0 0 4 3 4

3. Number of edges added to the new transitive closure G∗

2
after adding {5, 1} to G:

16 (= 4× 4)
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Solution 2 (Influencers – 5 points)

Specifications:
The function __eccentricity(G, s) computes the eccentricity of s in G.

1 def __excentricity(G, s, excMin):

2 """
3 r e tu rn the minimum of
4 − t h e e x c e n t r i c i t y o f s in G
5 − and excMin + 1
6 """
7 dist = [-1] * G.order

8 q = queue.Queue ()

9 q.enqueue(s)

10 dist[s] = 0

11 while not q.isempty ():

12 x = q.dequeue ()

13 if dist[x] > excMin:

14 return mini + 1

15 for y in G.adjlists[x]:

16 if dist[y] == -1:

17 dist[y] = dist[x] + 1

18 q.enqueue(y)

19 return dist[x]

Another solution to stop the BFS (a little more optimized):

• stop the BFS at the first vertex whose distance is excMin

• this vertex and those in the queue (all at the same dis-
tance) must not have successors unmarked

Specifications:
The function influencers(G) returns the list of the influencers of the connected graph G.

1 def influencers(G):

2 excMin = __excentricity(G, 0)

3 L = [0]

4 for s in range(1, G.order):

5 exc = __excentricity(G, s, excMin)

6 if exc < excMin:

7 L = [s]

8 excMin = exc

9 elif exc == excMin:

10 L.append(s)

11 return L

Solution 3 (I want to be tree – 8 points)

1. Specifications: The function in_degrees(G) returns the vector (a list in Python) of in-degrees of all
vertices of the digraph G.

1 def in_degrees(G):

2 """
3 in−deg r e e s o f v e r t i c e s in G
4 """
5 Din = [0] * G.order

6 for x in range(G.order):

7 for y in G.adjlists[x]:

8 Din[y] += 1

9 return Din
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2. Types of edges met during the depth-first search of the digraph G from r, when G is a tree rooted in r:
Only tree (discovery) edges.

3. Specifications:
The function rooted_tree(G) returns the vertex r if the digraph G is a tree rooted in r, the value
None otherwise.

First definition:

• a single root (in-degree == 0 and all other vertices reachable from it)

• and no other edges than tree/discovery met during DFS from this root

1

2 def __istree(G, x, M):

3 """
4 d f s o f G from x
5 r e tu rn −1 i f G i s not a t r ee , t h e number o f v e r t i c e s met o t h e rw i s e
6 """
7 M[x] = True

8 nb = 1

9 for y in G.adjlists[x]:

10 if not M[y]:

11 n = __istree(G, y, M)

12 if n == -1:

13 return -1

14 else:

15 nb += n

16 else:

17 return -1

18 return nb

19

20 def rooted_tree(G):

21 """
22 G: d i g raph
23 i f G i s a roo t ed t r e e in r , r e tu rn r , None o t h e rw i s e
24 """
25 Din = in_degrees(G)

26 r = None

27 for s in range(G.order):

28 if Din[r] == 0:

29 if r == None:

30 r = s

31 else: # s e v e r a l r o o t s
32 return None

33 if r == None: # no roo t
34 return None

35 else:

36 M = [False] * G.order

37 if __istree(G, r, M) == G.order:

38 return r

39 else:

40 return None
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Definition 2:

• only one root (in-degree == 0 and all other vertices reachable from it)

• all other vertices of in-degree = 1 (same as no other edges than tree ones during DFS)

1

2 def __nb_vertices(G, x, M):

3 """
4 d f s o f G from x
5 r e tu rn number o f v e r t i c e s met
6 """
7 M[x] = True

8 nb = 1

9 for y in G.adjlists[x]:

10 if not M[y]: # u s e l e s s here , as Din [ y ] == 1 !
11 nb += __nb_vertices(G, y, M)

12 return nb

13

14 def rooted_tree_2(G):

15 Din = in_degrees(G)

16 root = None

17 for r in range(G.order):

18 if Din[r] == 0:

19 if root == None:

20 root = r

21 else: # s e v e r a l r o o t s
22 return None

23 elif Din[r] != 1: # in−degree > 1
24 return None

25 M = [False] * G.order

26 if __nb_vertices(G, root , M) != G.order:

27 return None

28 else:

29 return root

Solution 4 (What does it do? – 3 points)

1. mystery(Gmyst):

(a)
0 1 2 3 4 5 6 7 8

M 4 1 3 6 7 2 5 6 1

(b) what(Gmyst) returns: 7

2. mystery(G) returns -1 when G has a circuit.
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