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Solution 1 (Warshall - Union-Find � 4 points)

Figure 1: Graph G1

1. Connected components (vertex sets):

• C1 : {0, 1, 5, 8}

• C2 : {2, 4, 6}

• C3 : {3, 7}

2. The adjacency matrix of the transitive closure of G1 (no value = false, 1 = true):

0 1 2 3 4 5 6 7 8

0 1 1 1 1
1 1 1 1 1
2 1 1 1
3 1 1
4 1 1 1
5 1 1 1 1
6 1 1 1
7 1 1
8 1 1 1 1

3. Which vectors could correspond to the result?

yes no

P1 X

P2 X

P3 X

P4 X
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Solution 2 (Get back � 4 points)

Reminder:

• If there is a back edge in the DFS of a digraph then there is a circuit.

• The back edge is the only non-tree edge where the tail has not yet been met in su�x.

Speci�cations:
The function acyclic(G) checks whether the digraph G is acyclic.

1 """
2 __acycl ic (G, x , M) : DFS o f G from x ,
3 M mark v e c t o r : unmarked=None , p r e f i x =1, s u f f i x =2
4 r e tu rn a boo l ean : Fa l s e i s a back edge was found
5 """
6

7 def __acyclic(G, x, M):

8 M[x] = 1

9 for y in G.adjlists[x]:

10 if M[y] == None:

11 if not __acyclic(G, y, M):

12 return False

13 else:

14 if M[y] != 2:

15 return False

16 M[x] = 2

17 return True

18

19 def acyclic(G):

20 M = [None] * G.order

21 for s in range(G.order):

22 if M[s] == None:

23 if not __acyclic(G, s, M):

24 return False

25 return True

Solution 3 (Density � 6 points)

1. For a simple connected graph:

(a) The least dense minimal value of p: n− 1 - Graph type: tree (connected acyclic)

(b) The most dense minimal value of p: n(n− 1)/2 - Graph type: complete

2. Speci�cations:
The function density_components(G) returns the list of the densities of the connected components
of the simple undirected graph G.

1 def __measures_cc(G, x, M):

2 """
3 r e tu rn (n : nb v e r t i c e s , p : nb edges ) met dur ing DFS o f G from x
4 """
5

6 M[x] = True

7 n = 1

8 p = len(G.adjlists[x])

9 for y in G.adjlists[x]:

10 if not M[y]:

11 (n_ , p_) = __measures_cc(G, y, M)

12 n += n_

13 p += p_

14 return (n, p)
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15

16 def __measures_cc_bfs(G, x, M):

17 """
18 r e tu rn (n : nb v e r t i c e s , p : nb edges ) met dur ing BFS o f G from x
19 """
20

21 q = queue.Queue ()

22 q.enqueue(x)

23 M[x] = True

24 n = 0

25 p = 0

26 while not q.isempty ():

27 x = q.dequeue ()

28 n += 1

29 p += len(G.adjlists[x])

30 for y in G.adjlists[x]:

31 if not M[y]:

32 M[y] = True

33 q.enqueue(y)

34 return (n, p)

35

36 def density_components(G):

37 M = [False] * G.order

38 L = []

39 for s in range(G.order):

40 if not M[s]:

41 (n, p) = __measures_cc(G, s, M)

42 L.append ((p // 2) / n)

43 return L

Solution 4 (Levels � 6 points)

Speci�cations:
The function levels(G) returns the list L of length exc(src)+1 in which each value L[i] contains vertices
at a distance i from src in G

1 # bu i l d L dur ing the BFS
2

3 def levels(G, src):

4 dist = [None] * G.order

5 dist[src] = 0

6 Levels = []

7 L = []

8 curdist = 0

9

10 q = queue.Queue ()

11 q.enqueue(src)

12 while not q.isempty ():

13 x = q.dequeue ()

14 if dist[x] > curdist:

15 Levels.append(L)

16 L = [x]

17 curdist += 1

18 else:

19 L.append(x)

20

21 for y in G.adjlists[x]:

22 if dist[y] == None:

23 dist[y] = dist[x] + 1

24 q.enqueue(y)

25

26 Levels.append(L)

27 return Levels

28

29
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30 # bu i l d L a f t e r
31 def __distances(G, src , dist):

32 """
33 r e tu rn s r c ' s e c c e n t r i c i t y ( on ly f o r v3 )
34 """
35 dist[src] = 0

36 q = queue.Queue ()

37 q.enqueue(src)

38 while not q.isempty ():

39 x = q.dequeue ()

40 for y in G.adjlists[x]:

41 if dist[y] == None:

42 dist[y] = dist[x] + 1

43 q.enqueue(y)

44 return dist[x]

45

46 def levels2(G, src):

47 dist = [None] * G.order

48 __distances(G, src , dist)

49 Levels = []

50 for x in range(G.order):

51 while dist[x] >= len(Levels):

52 Levels.append ([])

53 Levels[dist[x]]. append(x)

54 return Levels

55

56 def levels3(G, src):

57 dist = [None] * G.order

58 ecc = __distances(G, src , dist)

59 Levels = [[] for _ in range(ecc +1)]

60

61 for x in range(G.order):

62 Levels[dist[x]]. append(x)

63 return Levels
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