Mathematics Info-Sup 16/17
MIDTERM EXAM N°2 — February 2017 EpITA

Midterm exam n°2

Duration : three hours
Documents and calculators not allowed

Name : First name : Class :
Instructions :

— You have to reply directly on the given sheets.

— No sheet other that the stapled ones provided for answers will be corrected.

— Answers wrilten using lead pencils will be ignored.

— Any student not respecting these instructions will be awarded a mark of 00/ 20.

Exercise 1 (4,5 points)

e
1. Using two consecutive integrations by parts, calculate T = / sin (In(z)) dz.
1
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1
2. Using an integration by parts, calculate J = f arctan(z) dz=.
0

- ~

- /

2
s
3. Using the substitution « = /T then an integration by parts, calculate K = f cos (vz) dz.
0
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Exercise 2 (3 points)

Let (u,) and {(v,) be two strictly positive numerical sequences such that for every n € N,

Un+t Un+1
_ g _
Un Un,

1. Prove that if v, ——— 0 then u,, ——— 0
n—+oco T

2.

R )

a I

.

y +o¢ then v,
g v}

Prove that if u,, » +00.
T4

n—r+oq

- ™
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Exercise 3 (3 points)

Circle the letters corresponding to the true statements only.
Remark that unlike usually, wrong answers do not award negative points!

a.

Let (u,) be a sequence of real numbers, and £ € R. Then the assertion « if {u,) converges towards £ then, for every
n € N, u, < £ is equivalent to the assertion « if there exists n € N such that up, > £, then (u,) does not converge
towards £ ».

Un

. If {u,) is & nonzero geometric sequence with common ratio ¢ € R*, then (——) is a geometric sequence with common

L1
ratio —.
q

. If {un) is a bounded numerical sequence, there exists & subsequence of {u,) that is convergent.

Let (un) be a numerical sequence. Then (ugy) is 2 subsequence of (uan).

. Let (uy) be a numerical sequence. Then (ug.on+1) is 2 subsequence of (ugy ).

None of the ahove.
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Exercise 4 (3 points) S

Let (u,) and (v,,) be defined for every n € N by u,, = Z ~—— and wu,=

24" (2k)! Yt

Prove that (u,) and (v,) are adjacent sequences.

- N
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Exercise 5 (2 points)

ln(n!
Let (ty)pen- be defined for every n € N by u, = “(727' )

1. Let n € N*. Show (without using a proof by induction) that In(n!) < nln(n).

2. Deduce the limit of the sequence (u,),ey--

N

Exercise 6 (5,5 points)

k23
1
Let (un) be the numerical sequence defined for every n € N by u,, = Z il
k=

1t
1. Let n € N* and g € R\{1}. What is the sum qu"“l =1+g+g*+---+¢" " equal to?
k=1

1 1

k1]
2. Let n € N*. Using the previous question, show (without using a proof by induction) that Z T 2 a1

k=1

-~ N
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1 1
3. Let k € N such k > 2. Show (without induction)} that Pl IvrIvavssvrs < 2:_1-

Check that this inequality is still true when & = 1.

a I

. /

4. Prove that (u,) is increasing.

5. Using questions 2 and 3, show that for every n € N, u, < 3.

r~ N

- /

6. Is the sequence (u,) convergent ? Justify your answer.




