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❊①❡r❝✐❝❡ ✶

❙♦✐❡♥t U =





x

y

z



 ❡t V =





X

Y

Z



✳ ❖♥ ❛ AU = V ⇐⇒ U = A−1V ✳

❖r AU = V ⇐⇒







x+ y − z = X

−3x− 3y + 4z = Y

3x+ 2y − 3z = Z

✳ ❊♥ ❢❛✐s❛♥t L2 ← L2 + 3L1 ❡t L3 ← L3 − 3L1✱ ♦♥ ♦❜t✐❡♥t

AU = V ⇐⇒







x+ y − z = X

z = Y + 3X

−y = Z − 3X

⇐⇒







x = X + Y + Z

y = 3X − Z

z = 3X + Y

❆✐♥s✐✱

A−1 =





1 1 1

3 0 −1

3 1 0





❊①❡r❝✐❝❡ ✷

❖♥ s❛✐t q✉❡ ❞✐♠(R2[X]) = 3✳

✶✳ ❈❛r❞(B1) = 2 < ❞✐♠
(

R2[X]
)

✱ ❞♦♥❝ B1 ♥✬❡♥❣❡♥❞r❡ ♣❛s R2[X]✳

✷✳ ❈❛r❞(B2) = 4 > ❞✐♠
(

R2[X]
)

✱ ❞♦♥❝ B2 ♥✬❡st ♣❛s ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡ ❞❡ R2[X]

✸✳ ▼♦♥tr♦♥s q✉❡ B3 ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡ ❞❡ R2[X]✳ ❙♦✐t (α, β, γ) ∈ R3 t❡❧ q✉❡ α.1+ β(X +1)+ γ(X2 +2X) = 0✳

❆❧♦rs✱ ♦♥ ❛ γX2 + (β + 2γ)X + α+ β = 0✳ ❆✐♥s✐✱ α = β = γ = 0✳ ▲❛ ❢❛♠✐❧❧❡ B3 ❡st ❧✐❜r❡✳ ❖r ❈❛r❞(B3) = 3 =

❞✐♠(R2[X])✱ ❝✬❡st ❞♦♥❝ ✉♥❡ ❜❛s❡ ❞❡ R2[X]✳

❊①❡r❝✐❝❡ ✸

❙♦✐❡♥t E✱ F ❞❡✉① R✲❡✈ ❡t f ∈L (E,F )✳

✶✳ • ❑❡r(f) ⊂ E ❡t ❝♦♠♠❡ f(0) = 0✱ 0 ∈ ❑❡r(f)✱ ❛✐♥s✐ ❑❡r(f) 6= ∅✳ ❉❡ ♣❧✉s✱ s♦✐❡♥t (u, v) ∈
(

❑❡r(f)
)2

❡t α ∈ R✳

❖♥ ❛ f(αu+ v) = αf(u) + f(v) = α.0 + 0 = 0✳ ❉✬♦ù✱ αu+ v ∈ ❑❡r(f)✳ ❖♥ ❛ ♣r♦✉✈é q✉❡ ❑❡r(f) ❡st ✉♥ s❡✈ ❞❡

E ❞♦♥❝ ✉♥ R✲❡✈✳

• ■♠(f) ⊂ F ❡t ❝♦♠♠❡ 0 = f(0)✱ 0 ∈ ■♠(f)✱ ❛✐♥s✐ ■♠(f) 6= ∅✳ ❉❡ ♣❧✉s✱ s♦✐❡♥t (u, v) ∈
(

■♠(f)
)2

❡t α ∈ R✳

∃ (u1, v1) ∈ E2 t❡❧ q✉❡ u = f(u1) ❡t v = f(v1)✳ ❆✐♥s✐✱ αu+v = αf(u1)+f(v1) = f(αu1+v1)❉✬♦ù✱ αu+v ∈ ■♠(f)✳

❖♥ ❛ ♣r♦✉✈é q✉❡ ■♠(f) ❡st ✉♥ s❡✈ ❞❡ F ❞♦♥❝ ✉♥ R✲❡✈✳

✷✳ • ❙✉♣♣♦s♦♥s f ✐♥❥❡❝t✐✈❡✳

❙♦✐t u ∈ ❑❡r(f)✳ ❆❧♦rs f(u) = 0 ♦r f(0) = 0✳ ❖♥ ❡♥ ❞é❞✉✐t q✉❡ u = 0✳ ❖♥ ❛ ♠♦♥tré q✉❡ ❑❡r(f) ⊂ {0}✳

▲✬✐♥❝❧✉s✐♦♥ ✐♥✈❡rs❡ ❡st ✐♠♠é❞✐❛t❡✳

• ❙✉♣♣♦s♦♥s q✉❡ ❑❡r(f) = {0}✳

❙♦✐t (u, v) ∈ E2 t❡❧ q✉❡ f(u) = f(v)✳ ❆❧♦rs✱ f(u−v) = 0✱ ❝✬❡st✲à✲❞✐r❡✱ u−v ∈ ❑❡r(f)✳ P❛r ❝♦♥séq✉❡♥t✱ u−v = 0

✐✳❡✳ u = v✳ ❉♦♥❝✱ f ❡st ✐♥❥❡❝t✐✈❡✳

✸✳ ■♠(f) = F ⇐⇒ ∀v ∈ F ∃u ∈ E t❡❧ q✉❡ v = f(u)⇐⇒ ❢ ❡st s✉r❥❡❝t✐✈❡✳

❊①❡r❝✐❝❡ ✹

❙♦✐t f :

{

R3 −→ R2

(x, y, z) 7−→ (x+ y − z, x− y − 3z)
✳

✶
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❊♣✐t❛

✶✳ ❙♦✐❡♥t u = (x, y, z) ∈ R3✱ v = (x′, y′, z′) ∈ R3 ❡t α ∈ R✳ ❖♥ ❛ αu + v = (αx + x′, αy + y′, αz + z′)✳ ❆✐♥s✐✱

f(αu+ v) =
(

(αx+ x′) + (αy+ y′)− (αz + z′), (αx+ x′)− (αy+ y′)− 3(αz + z′)
)

= α(x+ y− z, x− y− 3z) +

(x′ + y′ − z′, x′ − y′ − 3z′) = αf(u) + f(v)✳ ❉♦♥❝✱ f ❡st ❧✐♥é❛✐r❡✳

✷✳ ❑❡r(f) =
{

(x, y, z) ∈ R3, x+y−z = 0 ❡t x−y−3z = 0
}

=
{

(x, y, z) ∈ R3, x = 2z ❡t y = −z
}

= ❱❡❝t
(

(2,−1, 1)
)

✳

❆✐♥s✐✱ u = (2,−1, 1) ❡♥❣❡♥❞r❡ ❑❡r(f)✳ ❖r u 6= 0 ❞♦♥❝ ❝✬❡st ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜r❡✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ (u) ❡st ✉♥❡ ❜❛s❡ ❞❡

❑❡r(f)✳

✸✳ ❱✐❛ ❧❡ t❤é♦rè♠❡ ❞✉ r❛♥❣✱ ❞✐♠(■♠(f) = ❞✐♠(R3) − ❞✐♠(❑❡r(f) = 3 − 1 = 2 = ❞✐♠(R2)✳ ❈♦♠♠❡ ■♠(f) ⊂ R2✱

♦♥ ❡♥ ❞é❞✉✐t q✉❡ ■♠(f) = R2✳

❊①❡r❝✐❝❡ ✺ ✭✸ ♣♦✐♥ts✮

✶✳ ❖♥ ❛ 2(1,−1, 3)− 3(−1,−2, 1)− (5, 2, 3) = (0, 0, 0)✳ ❉♦♥❝✱ ❧❡ ❢❛♠✐❧❧❡ ❡st ❧✐é❡✳

✷✳ ❙♦✐t (a, b, c) ∈ R3 t❡❧ q✉❡ af + bg + ch = 0✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ R✱ ax+ bx2 + ce2x = 0✳

❊♥ ♣r❡♥❛♥t x = 0✱ ♦♥ ❛ c = 0✳ P✉✐s✱ ❡♥ ♣r❡♥❛♥t x = 1 ❡t x = −1✱ ♦♥ ❛ a+ b = 0 ❡t −a+ b = 0✳ ❉✬♦ù✱ a = b = 0✳

❉♦♥❝✱ ❧❛ ❢❛♠✐❧❧❡ ❡st ❧✐❜r❡✳

✸✳ ❙♦✐t (a, b) ∈ R2 t❡❧ q✉❡ aA+ bB = 0✳ ❖♥ ❛ a+6b = 0✱ a− 2b = 0✱ −3a+ b = 0 ❡t 4a+4b = 0✳ ❆✐♥s✐✱ a = b = 0✳

▲❛ ❢❛♠✐❧❧❡ ❡st ❞♦♥❝ ❧✐❜r❡✳

❊①❡r❝✐❝❡ ✻ ✭✹ ♣♦✐♥ts✮

❖♥ ♥♦t❡ B1 = (i, j)❡t B2 =
(

(1, 1); (−1, 0)
)

= (e1, e2)

✶✳ A =

(

3 −5

0 −2

)

✳

✷✳ D =

(

−2 0

0 3

)

✳

✸✳ ❖♥ ❛ id(e1) = (1, 1) = i+ j ❡t id(e2) = (−1, 0) = −j✳ ❉✬♦ù ❧❛ ♠❛tr✐❝❡ P ✳

✹✳ ❖♥ ❝❛❧❝✉❧❡ ❢❛❝✐❧❡♠❡♥t q✉❡ P−1 =

(

0 1

−1 1

)

✳ ❉❡ ♣❧✉s✱ ♦♥ ❛ P−1AP = D✳

❊①❡r❝✐❝❡ ✼ ✭✸ ♣♦✐♥ts✮

✶✳ tUU = x2 + y2 + z2 = 1✳ ❆✐♥s✐ P 2 = (U tU)(U tU) = U(tUU)tU = U × 1× tU = U tU = P ✳

✷✳ ❖♥ ❛ P =





x2 xy xz

xy y2 yz

xz yz z2



✳ ❖♥ ✈ér✐✜❡ ♠❛tr✐❝✐❡❧❧❡♠❡♥t q✉❡ MP = PM = 0✳

✷


