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❊①❡r❝✐❝❡ ✶ ✭✷ ♣♦✐♥ts✮

❙♦✐❡♥t U =





x

y

z



 ❡t V =





X

Y

Z



 ❞❡✉① ✈❡❝t❡✉rs ❞❡ R
3✳ ❖♥ ❛

AU = V ⇐⇒ U = A−1V

❖r

AU = V ⇐⇒







x+ 2y + 3z = X (1)

−x− y + z = Y (2)

2x+ 4y + 5z = Z (3)

⇐⇒







x+ 2y + 3z = X

y + 4z = X + Y

−z = Z − 2X
(

❖♥ ❛ ❝♦♥s❡r✈é (1)✱ ♦♥ ❛ r❡♠♣❧❛❝é (2) ♣❛r (2) + (1) ❡t (3) ♣❛r (3)− 2 · (1)
)

✳ ❉✬♦ù

AU = V ⇐⇒







x = 9X − 2Y − 5Z

y = −7X + Y + 4Z

z = 2X − Z

.

❋✐♥❛❧❡♠❡♥t




x

y

z



 =





9 −2 −5

−7 1 4

2 0 −1









X

Y

Z



 .

❆✐♥s✐✱ A−1 =





9 −2 −5

−7 1 4

2 0 −1



 .

❊①❡r❝✐❝❡ ✷ ✭✹ ♣♦✐♥ts✮

✶✳ F (X) =
a

X − 1
+

b

X − 2
+

c

X + 2
✳

❊♥ ♠✉❧t✐♣❧✐❛♥t ❝❡tt❡ é❣❛❧✐té ♣❛r X − 1 ♣✉✐s ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r X = 1 ♦♥ tr♦✉✈❡ a = −1/3✳

❊♥ ♠✉❧t✐♣❧✐❛♥t ❝❡tt❡ é❣❛❧✐té ♣❛r X − 2 ♣✉✐s ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r X = 2 ♦♥ tr♦✉✈❡ b = 5/4✳

❊♥ ♠✉❧t✐♣❧✐❛♥t ❝❡tt❡ é❣❛❧✐té ♣❛r X + 2 ♣✉✐s ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r X = −2 ♦♥ tr♦✉✈❡ c = 1/12✳

❉♦♥❝

F (X) = −
1

3(X − 1)
+

5

4(X − 2)
+

1

12(X + 2)

✷✳ ❊♥ ❡✛❡❝t✉❛♥t ❧❛ ❞✐✈✐s✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ X4 +X3 +X2 + 2X + 2 ♣❛r (X − 1)2(X + 1) = X3 −X2 −X + 1 ♦♥ ❛

X4 +X3 +X2 + 2X + 2 = (X3 −X2 −X + 1)(X + 2) + 4X2 + 3X

❞♦♥❝ G(X) = X + 2 +
4X2 + 3X

(X − 1)2(X + 1)
✳

❖r R(X) =
4X2 + 3X

(X − 1)2(X + 1)
=

a

X + 1
+

b

X − 1
+

c

(X − 1)2
✳

❊♥ ♠✉❧t✐♣❧✐❛♥t ❝❡tt❡ é❣❛❧✐té ♣❛r X + 1 ❡t ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r X = −1✱ ♦♥ ❛ a = 1/4✳

❊♥ ♠✉❧t✐♣❧✐❛♥t ❧❛ ♠ê♠❡ ♣❛r (X − 1)2 ❡t ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r X = 1✱ ♦♥ ❛ c = 7/2✳

✶
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❊♣✐t❛

❊♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r ♣❛rt✐❝✉❧✐èr❡ ✵✱ ♦♥ ♦❜t✐❡♥t b = 15/4✳

❆✐♥s✐

G(X) = X + 2 +
1

4(X + 1)
+

15

4(X − 1)
−

7

2(X − 1)2

✸✳ H(X) =
a

X + 1
+

bX + c

X2 +X + 1
✳

❊♥ ♠✉❧t✐♣❧✐❛♥t ❝❡tt❡ é❣❛❧✐té ♣❛r X + 1 ❡t ❡♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r X = −1✱ ♦♥ ❛ a = 1✳

❉♦♥❝ H(X) =
1

X + 1
+

bX + c

X2 +X + 1
✳

❊♥ ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r ♣❛rt✐❝✉❧✐èr❡ ✵✱ ♦♥ ❛ −1 = 1 + c ❞♦♥❝ c = −2 ❞✬♦ù H(X) =
1

X + 1
+

bX − 2

X2 +X + 1
✳

❊♥✜♥ ❡♥ ♣r❡♥❛♥t ❧❛ ❧✐♠✐t❡ ❡♥ +∞ ❞❡ XH(X)✱ ♦♥ ❛ 2 = 1 + b ❞♦♥❝ b = 1✳

❞✬♦ù H(X) =
1

X + 1
+

X − 2

X2 +X + 1
✳

❊①❡r❝✐❝❡ ✸ ✭✷ ♣♦✐♥ts✮

❙✉♣♣♦s♦♥s f ✐♥❥❡❝t✐✈❡ ❡t ♠♦♥tr♦♥s q✉❡ ❑❡r(f) = {0}✳ ▲✬✐♥❝❧✉s✐♦♥ {0} ⊂ ❑❡r(f) ❡st ✐♠♠é❞✐❛t❡✳ ▼♦♥tr♦♥s ❧✬✐♥❝❧✉s✐♦♥

ré❝✐♣r♦q✉❡✳

❙♦✐t x ∈ ❑❡r(f)✳ ❆❧♦rs f(x) = 0 = f(0)✳ ❖r f ✐♥❥❡❝t✐✈❡ ❞♦♥❝ x = 0✳

❙✉♣♣♦s♦♥s ❑❡r(f) = {0} ❡t ♠♦♥tr♦♥s ❧✬✐♥❥❡❝t✐✈✐té ❞❡ f ✳

❙♦✐t (x, y) ∈ E2 t❡❧ q✉❡ f(x) = f(y)✳ ❆❧♦rs✱ ✈✐❛ ❧❛ ❧✐♥é❛r✐té ❞❡ f ✱ f(x− y) = 0 ❞♦♥❝ x− y ∈ ❑❡r(f)✳

❖r ❑❡r(f) = {0} ❞♦♥❝ x− y = 0 s♦✐t x = y ❡t f ❡st ❞♦♥❝ ✐♥❥❡❝t✐✈❡✳

❊①❡r❝✐❝❡ ✹ ✭✸ ♣♦✐♥ts✮

✶✳ ❙♦✐t B = (1, X,X2) ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡ R2[X]✳

❆❧♦rs f(1) = 2X ❀ f(X) = X2 ❡t f(X2) = 0 ❞♦♥❝ ▼❛tB(f) =





0 0 0

2 0 0

0 1 0



✳

✷✳ ❙♦✐t B =

(

E11 =

(

1 0

0 0

)

, E12 =

(

0 1

0 0

)

, E21 =

(

0 0

1 0

)

, E22 =

(

0 0

0 1

)

)

❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡

M2(R)✳

❆❧♦rs f
(

E11

)

= E22 ❀ f
(

E12

)

= −E21 ❀ f
(

E21

)

= −E12 ❡t f
(

E22

)

= E11 ❞♦♥❝ ▼❛tB(f) =









0 0 0 1

0 0 −1 0

0 −1 0 0

1 0 0 0









✳

❊①❡r❝✐❝❡ ✺ ✭✷✱✺ ♣♦✐♥ts✮

=⇒ ❙✉♣♣♦s♦♥s ❑❡r(u) ∩ ■♠(u) = {0} ❡t ♠♦♥tr♦♥s q✉❡ ❑❡r(u) = ❑❡r
(

u2
)

✳

▲✬✐♥❝❧✉s✐♦♥ ❑❡r(u) ⊂ ❑❡r
(

u2
)

❡st ✐♠♠é❞✐❛t❡✳ ▼♦♥tr♦♥s q✉❡ ❑❡r
(

u2
)

⊂ ❑❡r(u)✳

❙♦✐t x ∈ ❑❡r
(

u2
)

✳ ❆❧♦rs u2(x) = u
(

u(x)
)

= 0✳ ❆✐♥s✐ u(x) ∈ ❑❡r(u) ∩ ■♠(u)✳ ❖r ❑❡r(u) ∩ ■♠(u) = {0}✳

❆✐♥s✐ u(x) = 0 ❡t x ∈ ❑❡r(u)✳

⇐= ❙✉♣♣♦s♦♥s q✉❡ ❑❡r(u) = ❑❡r
(

u2
)

❡t ♠♦♥tr♦♥s q✉❡ ❑❡r(u) ∩ ■♠(u) = {0}✳

▲✬✐♥❝❧✉s✐♦♥ {0} ⊂ ❑❡r(u) ∩ ■♠(u) ❡st é✈✐❞❡♥t❡✳ ▼♦♥tr♦♥s ❧✬✐♥❝❧✉s✐♦♥ ré❝✐♣r♦q✉❡✳

❙♦✐t x ∈ ❑❡r(u) ∩ ■♠(u)✳ ❆❧♦rs u(x) = 0 ❡t ✐❧ ❡①✐st❡ z ∈ E t❡❧ q✉❡ x = u(z)✳

❆✐♥s✐ 0 = u(x) = u
(

u(z)
)

❞♦♥❝ z ∈ ❑❡r
(

u2
)

♦r ❑❡r(u) = ❑❡r
(

u2
)

❞♦♥❝ z ∈ ❑❡r(u) ❞✬♦ù x = u(z) = 0✳

✷
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✶✳ v − w = 2u ❞♦♥❝ ❧❡s ✈❡❝t❡✉rs u✱ v ❡t w s♦♥t ❧✐és✳ ❆✐♥s✐ ✐❧s ♥❡ ❢♦r♠❡♥t ♣❛s ✉♥❡ ❜❛s❡ ❞❡ R3✳

✷✳ ▼♦♥tr♦♥s q✉❡ ❧❡s ✈❡❝t❡✉rs f ❡t g s♦♥t ❧✐❜r❡s✳

❙♦✐t (α, β) ∈ R2 t❡❧ q✉❡ αf + βg = 0✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ R✱ αf(x) + βg(x) = 0 ❞♦♥❝✱ ♣♦✉r t♦✉t x ∈ R✱

α ·
ex + e−x

2
+ β ·

ex − e−x

2
= 0

❆✐♥s✐✱ ♣♦✉r t♦✉t x ∈ R✱ (α+ β)ex + (α− β)e−x = 0✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r x = 0✱ ♦♥ ❛ ✐♠♠é❞✐❛t❡♠❡♥t α = 0✳

P✉✐s✱ ♣♦✉r x = ln(2)✱ ♦♥ ❛ 2(α+ β) +
α− β

2
= 0 s♦✐t ✜♥❛❧❡♠❡♥t✱ ✈✉ q✉❡ α = 0✱ β = 0✳

❈♦♠♠❡ ❧❛ ❢❛♠✐❧❧❡ (f, g) ❡st ❧✐❜r❡ ❡t✱ ♣❛r ❞é✜♥✐t✐♦♥ ❞❡ F ✱ ❡♥❣❡♥❞r❡ F ✱ (f, g) ❢♦r♠❡ ✉♥❡ ❜❛s❡ ❞❡ F ✳

❈❡tt❡ ❜❛s❡ ❝♦♥t❡♥❛♥t ❞❡✉① ✈❡❝t❡✉rs✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ F ❡st 2✳

❊①❡r❝✐❝❡ ✼ ✭✺ ♣♦✐♥ts✮

✶✳ ▼❛tB(f) =





1 2 0

0 3 0

2 −4 2



✳

✷✳ f(u1) =





3

3

−6



 = 3u1 ❀ f(u2) =





0

0

2



 = 2u2 ❡t f(u3) =





1

0

−2



 = u3 ❞♦♥❝ ▼❛tB′(f) =





3 0 0

0 2 0

0 0 1



✳

✸✳ P =





1 0 1

1 0 0

−2 1 −2



 ❡t P−1 = ▼❛tB,B′(id) =





0 1 0

2 0 1

1 −1 0



✳

D = P−1AP =





3 0 0

0 2 0

0 0 1



✳ ❉♦♥❝ D = ▼❛tB′(f)✳

✹✳ D2 =





9 0 0

0 4 0

0 0 1



✱ D3 =





27 0 0

0 8 0

0 0 1



 ❞♦♥❝✱ ✈✐❛ ✉♥❡ ré❝✉rr❡♥❝❡ ✐♠♠é❞✐❛t❡ ✭♥♦♥ ❞❡♠❛♥❞é❡✮✱ ♦♥ ♣❡✉t ❡♥

❞é❞✉✐r❡ q✉❡ Dn =





3n 0 0

0 2n 0

0 0 1



 ♣♦✉r t♦✉t n ∈ N∗✳

✺✳ A = PDP−1 ❞♦♥❝ A2 = PDP−1PDP−1 = PD2P−1✳

❖♥ ♣❡✉t ❛✐♥s✐ ❡♥ ❞é❞✉✐r❡✱ ✈✐❛ ✉♥❡ ré❝✉rr❡♥❝❡ ✐♠♠é❞✐❛t❡ ✭♥♦♥ ❞❡♠❛♥❞é❡✮ q✉❡ An = PDnP−1✳

✸


