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❙♦❧✉t✐♦♥ ✶ ✭❈♦♠❜✐❡♥ ❄ ✕ ✸✱✺ ♣♦✐♥ts✮

❙♣é❝✐✜❝❛t✐♦♥s ✿
▲❛ ❢♦♥❝t✐♦♥ ♥❜❴✐♥t❡r✭❇✱ ❛✱ ❜✮ ❝❛❧❝✉❧❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛❧❡✉rs ❞❡ ❧✬❛r❜r❡ ❜✐♥❛✐r❡ ❞❡ r❡❝❤❡r❝❤❡ B ❞❛♥s
❧✬✐♥t❡r✈❛❧❧❡ [a, b[✳

✶ ❞❡❢ ♥❜❴✐♥t❡r✭❇✱ ❛✱ ❜✮✿

✷ ✐❢ ❇ ❂❂ ◆♦♥❡✿

✸ r❡t✉r♥ ✵

✹ ❡❧✐❢ ❇✳❦❡② ❁ ❛✿

✺ r❡t✉r♥ ♥❜❴✐♥t❡r✭❇✳r✐❣❤t ✱ ❛✱ ❜✮

✻ ❡❧✐❢ ❇✳❦❡② ❃ ❜✿

✼ r❡t✉r♥ ♥❜❴✐♥t❡r✭❇✳❧❡❢t ✱ ❛✱ ❜✮

✽ ❡❧s❡✿

✾ r❡t✉r♥ ✶ ✰ ♥❜❴✐♥t❡r✭❇✳❧❡❢t ✱ ❛✱ ❜✮ ✰ ♥❜❴✐♥t❡r✭❇✳r✐❣❤t ✱ ❛✱ ❜✮
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❙♣é❝✐✜❝❛t✐♦♥s ✿
▲❛ ❢♦♥❝t✐♦♥ ♠❛❦❡❆❱▲✭B✮ ❝♦♥tr✉✐t ✉♥❡ ❝♦♣✐❡ ❞❡ ❧✬❛r❜r❡ ❜✐♥❛✐r❡ B ❛✈❡❝ ❧❡s ❞éséq✉✐❧✐❜r❡s r❡♥s❡✐❣♥és
❡♥ ❝❤❛q✉❡ ♥÷✉❞✳

✶ ❞❡❢ ❴❴♠❛❦❡❆❱▲✭❇✮✿
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✹

✺ ❡❧s❡✿
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✼
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✾ ✭❆✳r✐❣❤t ✱ ❤r✮ ❂ ❴❴♠❛❦❡❆❱▲✭❇✳r✐❣❤t✮

✶✵

✶✶ ❆✳❜❛❧ ❂ ❤❧ ✲ ❤r
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✶✹
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✶✻ ✭❆✱ ❤✮ ❂ ❴❴♠❛❦❡❆❱▲✭❇✮

✶✼ r❡t✉r♥ ❆

✶
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❙♦❧✉t✐♦♥ ✸ ✭❆❱▲ ✲ ❆❥♦✉t ✵ ✕ ✺ ♣♦✐♥ts✮

❙♣é❝✐✜❝❛t✐♦♥s ✿
▲❛ ❢♦♥❝t✐♦♥ ❛❞❞✵✭A✮ ❛❥♦✉t❡ ❧❛ ✈❛❧❡✉r ✵ ❞❛♥s ❧✬❆❱▲ A ✭♥❡ ❝♦♥t❡♥❛♥t q✉❡ ❞❡s ❡♥t✐❡rs ♥❛t✉r❡❧s ♥♦♥
♥✉❧s✮ ❡t r❡t♦✉r♥❡ ✉♥ ❝♦✉♣❧❡ ✿ ❧✬❛r❜r❡ rés✉❧t❛t ❡t ✉♥ ❜♦♦❧é❡♥ ✐♥❞✐q✉❛♥t s✐ ❧❛ ❤❛✉t❡✉r ❞❡ A ❛ ❝❤❛♥❣é✳
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✹ ❡❧s❡✿
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✽ ❡❧s❡✿

✾ ❆✳❜❛❧ ✰❂ ✶

✶✵ ✐❢ ❆✳❜❛❧ ❂❂ ✵✿
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✶✷ ❡❧✐❢ ❆✳❜❛❧ ❂❂ ✶✿
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✶✹ ❡❧s❡✿ ★ ❆✳ ❜ ❛ ❧ ❂❂ ✷
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✶✼

✶✽ ❞❡❢ ❛❞❞✵❴❆❱▲✭❆✮✿

✶✾ ✭❆✱ ❴✮ ❂ ❴❴❛❞❞✵❴❆❱▲✭❆✮

✷✵ r❡t✉r♥ ❆

❙♦❧✉t✐♦♥ ✹ ✭❆❱▲ ✕ ✸ ♣♦✐♥ts✮

❆❱▲ rés✉❧t❛t ❞❡♣✉✐s ❧❛ ❧✐st❡ [13, 20, 5, 1, 15, 10, 18, 25, 4, 21, 7, 12, 23]✳✬
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❙♦❧✉t✐♦♥ ✺ ✭❆r❜r❡ ✷✳✸✳✹ → ❆r❜r❡ ❜✐❝♦❧♦r❡ ✕ ✷ ♣♦✐♥ts✮

✶✳ ❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❧✬❛r❜r❡ ✷✳✸✳✹ ❞✉ s✉❥❡t ✿

❋✐❣✉r❡ ✶ ✕ ❆r❜r❡ ❜✐❝♦❧♦r❡

✷✳ ▲✬❛r❜r❡ ♦❜t❡♥✉ ♥✬❡st ♣❛s ✉♥ ❆❱▲✳
▲❡ ♥÷✉❞ ❝♦♥t❡♥❛♥t ✹✵ ❛ ✉♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ✷ ✭❧✬❛r❜r❡ ♥✬❡st ♣❛s ❤✲éq✉✐❧✐❜ré✮✳

❙♦❧✉t✐♦♥ ✻ ✭❆r❜r❡s ❡t ♠②stèr❡ ✕ ✸ ♣♦✐♥ts✮

✶✳ ❆r❜r❡ ❝♦♥str✉✐t ♣❛r ♠❛❦❡❚r❡❡✭✶✸✮ ✿

✷✳ Pr♦♣r✐étés ❞❡ ❧✬❛r❜r❡ ❝♦♥str✉✐t ♣❛r ♠❛❦❡❚r❡❡✭n✮ ✭n > 0✮ ✿

✭❛✮ ❆r❜r❡ ♣❛r❢❛✐t

✭❜✮ ❆r❜r❡ ❜✐♥❛✐r❡ ❞❡ r❡❝❤❡r❝❤❡

✸


