
❊P■❚❆

▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶

❉✉r❛t✐♦♥✿ ✸ ❤♦✉rs

◆♦✈❡♠❜❡r ✷✵✷✶

◆❛♠❡✿

❋✐rst ♥❛♠❡✿

❈❧❛ss✿

▼❆❘❑✿

❚❤❡ ♠❛r❦✐♥❣ s②st❡♠ ✐s ❣✐✈❡♥ ❢♦r ❛ ❣r❛❞✐♥❣ s❝❛❧❡ ❢r♦♠ ✵ t♦ ✸✵✳

❚❤❡ ✜♥❛❧ ♠❛r❦ ✇✐❧❧ ❜❡ r❡✲s❝❛❧❡❞ ❢r♦♠ ✵ t♦ ✷✵✳

■♥str✉❝t✐♦♥s✿

✖ ❉♦❝✉♠❡♥ts ❛♥❞ ♣♦❝❦❡t ❝❛❧❝✉❧❛t♦rs ❛r❡ ♥♦t ❛❧❧♦✇❡❞✳

✖ ❲r✐t❡ ②♦✉r ❛♥s✇❡rs ♦♥ t❤❡ st❛♣❧❡❞ s❤❡❡ts ♣r♦✈✐❞❡❞ ❢♦r ❛♥s✇❡r✐♥❣✳ ◆♦ ♦t❤❡r s❤❡❡t ✇✐❧❧ ❜❡ ❝♦rr❡❝t❡❞✳

✖ P❧❡❛s❡✱ ❞♦ ♥♦t ✉s❡ ❧❡❛❞ ♣❡♥❝✐❧s ❢♦r ❛♥s✇❡r✐♥❣✳

✶



✷



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

❊①❡r❝✐s❡ ✶ ✭✸ ♣♦✐♥ts✮

❈♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ R ❜②✿

∀ (x, y) ∈ R
2, xR y ⇐⇒ x2 ≤ y2

❊♥✉♠❡r❛t❡ t❤❡ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s ✭✇✐t❤ t❤❡ q✉❛♥t✐✜❡rs✮ ✇❤✐❝❤ ❞❡✜♥❡ ❛♥ ♦r❞❡r r❡❧❛t✐♦♥✳ ❋♦r ❡❛❝❤ ♣r♦♣❡rt②✱

s❛② ✇❤❡t❤❡r ✐t ✐s s❛t✐s✜❡❞ ♦r ♥♦t ❜② t❤❡ r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❏✉st✐❢② ②♦✉r ❛♥s✇❡r✳✬

✫

✩

✪
❊①❡r❝✐s❡ ✷ ✭✸ ♣♦✐♥ts✮

❊①♣r❡ss ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ❧❛♥❣✉❛❣❡✱ ✇✐t❤ t❤❡ q✉❛♥t✐✜❡rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

✶✳ ❊✈❡r② ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r ✐s t❤❡ sq✉❛r❡ ♦❢ ❛ r❡❛❧ ♥✉♠❜❡r✳✎
✍

☞
✌

✷✳ ■❢ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ r❡❛❧ ♥✉♠❜❡rs ✐s ③❡r♦✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ t✇♦ ♥✉♠❜❡rs ✐s ③❡r♦✳✎
✍

☞
✌

✸✳ ❊✈❡r② ♥❛t✉r❛❧ ♥✉♠❜❡r ✐s ❡✈❡♥ ♦r ♦❞❞✳ ✭❯s✐♥❣ t❤❡ ❝♦♥❣r✉❡♥❝❡ r❡❧❛t✐♦♥ ✐s ♥♦t ❛❧❧♦✇❡❞✮✎
✍

☞
✌

✸



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

❊①❡r❝✐s❡ ✸ ✭✹✱✺ ♣♦✐♥ts✮

✶✳ ❯s✐♥❣ ❛ ♣r✐♠✐t✐✈❡ ✭❛♥t✐✲❞❡r✐✈❛t✐✈❡✮✱ ❝♦♠♣✉t❡ I =

∫

1

0

(x2 + 1)
√
x3 + 3x+ 1 ❞x✬

✫

✩

✪
✷✳ ❯s✐♥❣ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ❝♦♠♣✉t❡ J =

∫

1

0

(2x+ 1)e2x ❞x✬

✫

✩

✪
✸✳ ❯s✐♥❣ t❤❡ s✉❜st✐t✉t✐♦♥ x = 2t+ 1✱ ❝♦♠♣✉t❡ K =

∫

2
√

3+1

1

1

(x− 1)2 + 4
❞x✬

✫

✩

✪
✹



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

❊①❡r❝✐s❡ ✹ ✭✸✱✺ ♣♦✐♥ts✮

❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f : N −→ N ❞❡✜♥❡❞ ❜② f(n) =

∣

∣

∣

∣

n

2
✐❢ n ✐s ❡✈❡♥

n ♦t❤❡r✇✐s❡

✶✳ ■s f ✐♥❥❡❝t✐✈❡❄ ❏✉st✐❢② ②♦✉r ❛♥s✇❡r✳✬

✫

✩

✪
✷✳ ■s f s✉r❥❡❝t✐✈❡❄ ❏✉st✐❢② ②♦✉r ❛♥s✇❡r✳✬

✫

✩

✪
✸✳ ❆ss✉♠❡ ✐♥ t❤✐s q✉❡st✐♦♥ t❤❛t t❤❡ ✐♥♣✉t s❡t ♦❢ f ✐s E = {0, 1, 2, 3, 4, 5, 6} ✭✐♥st❡❛❞ ♦❢ N✮✳

❋✐♥❞ f ({0, 1, 2, 3})✱ f−1 ({1, 3}) ❛♥❞ f−1 ({4})✳✬

✫

✩

✪
❊①❡r❝✐s❡ ✺ ✭✺ ♣♦✐♥ts✮

■♥ ❛ ❜♦①✱ t❤❡r❡ ❛r❡ n ❜❛❧❧s ❧❛❜❡❧❡❞ 1 t❤r♦✉❣❤ n✳

▲❡t k ∈ J1, nK✳ ❆ss✉♠❡ t❤❛t ②♦✉ s✐♠✉❧t❛♥❡♦✉s❧② t❛❦❡ k ❜❛❧❧s ❢r♦♠ t❤❡ ❜♦①✳

✶✳ ❍♦✇ ♠❛♥② ♣♦ss✐❜❧❡ r❡s✉❧ts❄ ❊①♣❧❛✐♥ ❜r✐❡✢② ②♦✉r ❛♥s✇❡r✳✗
✖

✔
✕

✷✳ ❍♦✇ ♠❛♥② r❡s✉❧ts ❝♦♥t❛✐♥ t❤❡ ❜❛❧❧ ❧❛❜❡❧❡❞ 1❄ ❊①♣❧❛✐♥ ❜r✐❡✢②✳✬

✫

✩

✪
✺



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

✸✳ ❍♦✇ ♠❛♥② r❡s✉❧ts ❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ❜❛❧❧ ❧❛❜❡❧❡❞ 1❄ ❊①♣❧❛✐♥ ❜r✐❡✢②✳✬

✫

✩

✪
✹✳ ❊①♣❧❛✐♥ ✇❤② t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❡♥❛❜❧❡ ♦♥❡ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ (P )✿

(

n

k

)

=

(

n− 1

k

)

+

(

n− 1

k − 1

)

✬

✫

✩

✪
✺✳ Pr♦✈❡ t❤✐s ❢♦r♠✉❧❛ (P ) ✇✐t❤ ❛ ❝♦♠♣✉t❛t✐♦♥✱ ✉s✐♥❣ t❤❡ ❧✐t❡r❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts✱

✇✐t❤ ❢❛❝t♦r✐❛❧s✳✬

✫

✩

✪
✻



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

❊①❡r❝✐s❡ ✻ ✭✺ ♣♦✐♥ts✮

❈♦♥s✐❞❡r ❛ 6✲s✐❞❡ ❢❛✐r ❞✐❝❡✳

✶✳ ■♠❛❣✐♥❡ ❛ s✐♠♣❧❡ r❛♥❞♦♠ ❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ ❞✐❝❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X s✉❝❤ t❤❛t X

✐s ❇❡r♥♦✉❧❧✐✲❞✐str✐❜✉t❡❞ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r p =
1

6
✳ ❲❤❛t ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ X❄✬

✫

✩

✪
✷✳ ■♠❛❣✐♥❡ ❛ s✐♠♣❧❡ r❛♥❞♦♠ ❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ ❞✐❝❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y s✉❝❤ t❤❛t

Y ✐s ❜✐♥♦♠✐❛❧✲❞✐str✐❜✉t❡❞ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs n = 10 ❛♥❞ p =
1

6
✳ ❊①♣r❡ss t❤❡ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡

✈❛r✐❛♥❝❡ ♦❢ Y ❛s ❢✉♥❝t✐♦♥s ♦❢ n ❛♥❞ p✳✬

✫

✩

✪
✸✳ ■♥ t❤✐s q✉❡st✐♦♥✱ ✇❡ r♦❧❧ t❤❡ ❞✐❝❡ ♦♥❧② ♦♥❝❡✳ ❚❤❡ ❣❛♠❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❡ s❝♦r❡ 5 ♣♦✐♥ts ✐❢ t❤❡ ❞✐❝❡

r❡s✉❧t ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ 3✱ 3 ♣♦✐♥ts ✐❢ t❤❡ ❞✐❝❡ r❡s✉❧t ✐s ✶ ♦r ✷✱ ③❡r♦ ♣♦✐♥ts ♦t❤❡r✇✐s❡✳

▲❡t S ❜❡ t❤❡ s❝♦r❡✳ ●✐✈❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ S✳ ❚❤❡♥ ✜♥❞ ✐ts ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ✐ts ✈❛r✐❛♥❝❡✳✬

✫

✩

✪
✼



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

❊①❡r❝✐s❡ ✼ ✭✹ ♣♦✐♥ts✮

■♠❛❣✐♥❡ t❤❛t ❛ ✈✐r✉s ❛✛❡❝ts t❤❡ ✇♦r❧❞✬s ♣♦♣✉❧❛t✐♦♥✳ ❆ s❝r❡❡♥✐♥❣ t❡st ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ■ts ♣❡r❢♦r♠❛♥❝❡s

❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ■❢ ❛ ♣❛t✐❡♥t ✐s ♥♦t ❝♦♥t❛♠✐♥❛t❡❞✱ t❤❡ t❡st ❣✐✈❡s t❤❡ r✐❣❤t ❛♥s✇❡r ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② 80%✳

• ■❢ ❛ ♣❛t✐❡♥t ✐s ❝♦♥t❛♠✐♥❛t❡❞✱ t❤❡ t❡st ❣✐✈❡s t❤❡ r✐❣❤t ❛♥s✇❡r ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② 99%✳

❆ss✉♠❡ t❤❛t 25% ♦✉t ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❝♦♥t❛♠✐♥❛t❡❞✳ ❲❡ r❛♥❞♦♠❧② ♣✐❝❦ ❛ ♣❡rs♦♥ ❛♥❞ ❞♦ t❤❡ t❡st✳

❈♦♥s✐❞❡r t❤❡ ❡✈❡♥ts C✿ ✧❚❤✐s ♣❡rs♦♥ ✐s ❝♦♥t❛♠✐♥❛t❡❞✧ ❛♥❞ T ✿ ✧❚❤✐s ♣❡rs♦♥ ✐s t❡st❡❞ ♣♦s✐t✐✈❡✧✳

✶✳ ●✐✈❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❡✈❡♥t T ✐♥ t❡r♠ ♦❢ C✳ ❲r✐t❡ t❤❡ ❧✐t❡r❛❧ ❢♦r♠✉❧❛ ✇❤✐❝❤ ❡♥❛❜❧❡s ♦♥❡ t♦ ❣❡t P (T )✳

❙♣❡❝✐❢② t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ ❡❛❝❤ ♣r♦❜❛❜✐❧✐t② ✐♥ t❤✐s ❢♦r♠✉❧❛ ✭t❤❡ ✜♥❛❧ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ P (T ) ✐s

♥♦t r❡q✉✐r❡❞✮✳✬

✫

✩

✪
✷✳ ❊①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤✐s ♣❡rs♦♥ ✐s ❝♦♥t❛♠✐♥❛t❡❞ ❣✐✈❡♥ t❤❛t s❤❡ ✐s t❡st❡❞

♣♦s✐t✐✈❡ ✭t❤❡ ✜♥❛❧ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ✐s ♥♦t r❡q✉✐r❡❞✮✳✬

✫

✩

✪

✽



▼❛t❤❡♠❛t✐❝s

▼✐❞t❡r♠ ❡①❛♠ ❙✶ ✕ ◆♦✈❡♠❜❡r ✷✵✷✶

❊①❡r❝✐s❡ ✽ ✭✷ ♣♦✐♥ts✮

▲❡t q ∈ R✳ ❋♦r ❛♥② n ∈ N✱ ❝♦♥s✐❞❡r t❤❡ s✉♠

Sn =
n

∑

k=0

qk = q0 + q1 + q2 + . . .+ qn

✶✳ ❲❤❛t ✐s t❤❡ ✈❛❧✉❡ ♦❢ Sn ✇❤❡♥ q = 1❄✗
✖

✔
✕

✷✳ ❆ss✉♠❡ t❤❛t q ̸= 1✳ ❙❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t✱ ❢♦r ❡✈❡r② n ∈ N✱ Sn =
1− qn+1

1− q
✳✬

✫

✩

✪
✾


